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ABSTRACT 



In this research a technique for identifying and study- 
ing presentation variables in mathematics text was developed 
and investigated. These presentation variables concern the 
manner in which mathematics text is communicated in printed 
form. From a developmental point of view the purpose of the 
research was to develop a technique of studying presentation 
variables in mathenatics text. From an empirical point of 
view the purpose of the research was to investigate the 
validity and reliability of the technique. 

The developed technique has three basic components. 
The first component consists of a two dimensional system of 
categories, called the CMMT category system, for classifying 
messages in mathematics text. Dimension 1 of the system 
classifies messages in mathematics text in terms of mathe- 
matical content and processes. Dimension 2 of the system 
classifies messages in terms of mode of representation. The 
second component of the developed technique concerns pro- 
cedures for applying the category system to classify messages 
in mathematics text. The third component, called CMMT 
analysis, is a method of analyzing th*^ information collected 
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by applying the CMMT categories to mathematics passages* 
CMMl analysis utilizes a computer program to provide informa- 
tion about an analyzed passage in the form of a sequential 
list of messages in the passage, interaction matrices showiig 
the relationships among types of messages, and various pro- 
portions reflecting the frequency with which types of mes- 
sages appear. The union of the three components is called 
the CMMT technique. 

The purpose of the validity study was to investigate 
the validity of the CMMT technique as a means of studying 
presentation variables in mathematics text. Validity was 
studied in a descriptive and statistical manner. Sections 
of twelve textbooks ranging from grade levels four through 
twelve as well as six pairs of contrived passages ^ere sub- 
mitted to CMMT analysis. The results of the validity stud) 
indicate ^' c (1) CM^ T analysis can be used to describe the 
nature of the presentation in mathematics text passages, (2) 
passages sampled at random from textbook sections tend to 
correlate high?; with the entire sections from which they are 
sampled, (3) passages sampled from the same textbook tend to 
correlate more highly than passages sampled from different 
textbooks, and (4) CMMT analysis provides data on variables 
which statistically differentiate among textbooks. 

The purpose of the reliability study was to determine 
within- and between-rater reliability estimates for subjects 
using the CMMT technique. Three groups of subjects consist- 
ing of mathematics education specialists, secondary 

O 
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mathematics teachers, and student teachers of secondary 
mathematics were trained in the use of the CMMT technique. 
On two occasions these subjects coded six criterion passages. 
The results of the reliability study were (1) there were no 
statistical differences between groups of raters, (2) some 
passages were statistically more difficult to code than 
others, (3) between-rater reliability coefficients for 
dimension 1 categories ranged from approximately .50 to .80 
while for dimension 2 they ranged from about .75 to 1.00, 
(4) within-rater reliability coefficients for dimension 1 
categories ranged from about .60 to .90 while for dimension 2 
they ranged from about .75 to 1.00, and (5) investigator 
reliability measured in terms of the codings of subjects 
averaged .77 for dimension 1 categories and .99 for dimen- 
sion 2 categories. 

The conclusion which may be drawn from the validity and 
reliability studies is that the CN!MT technique has potential 
for becoming a useful technique for investigating presenta- 
tion variables in mathematics text. Future research will 
have to determine if this potential will be realized. 



CHAPTER I 
INTRODUCTION 



Need for the Study 

A major component of mathematics instruction is neces- 
sarily the instructional materials used. Usually these 
materials are in the form of printed text. The past fifteen 
years has seen the production of vast amounts of v^xrious 
mathematical text materials produced by publicly supported 
writing groups as well as by many independent authors and 
publishing firms. 

Aside from the actual mathematical subject matter, 
which is essentially common to all recent mathematics text- 
books, different writing groups and authors hold differing 
views on how mathematics should be presented. Advertisements 
for new textbooks would have the reader believe that each set 
of mathematics materials offers a unique (and superior} 
approach to the presentation of mathematics in printed form. 
While the advertising claims no doubt overemphasize the point, 
casual comparisons of modern mathematics textbooks reveal 
that while content seems indeed to be similar, approaches to 
presenting this content appear varied e 

Unfortunately, research concerned with the investigation 
of presentation variables in mathematics text is practically 



non-existent. In fact, it is very difficult to even estab- 
lish what constitutes a given approach to presenting mathe- 
matics text, much less to compare various approaches. There 
have been great numbers of descriptive and comparative 
studies of "modern" and "traditional" approaches to mathema- 
tics instruction and most of these studies include written 
materials. However, these studies typically confound presen- 
tation variables with content and teacher variables making 
the results, when there are any, uninterpretable in terms of 
presentation approaches. 

There has been some research relating more specifically 
to written materials than the broad descriptive and compara- 
tive studies referred to above. Research has been conducted 
in the sequencing of mathematical instructional materials and 
work is continuing, in this area (Hei-- _69). Others have 
studied the relationship between reading ability and mathe- 
matics text. Progress has been made toward adapting ordinary 
English readability techniques for use on the language of 
mathematics (Kane, 1970). 

Research which effectively studies printed mathematics 
materials is indeed sparse. Other than in the areas of 
sequence theory and readability there appears to be no 
research designed to systematically study mathematics text. 
Additional significant variables in mathematics text need to 
be identified and methodologies for investigating these vari- 
ables need to be developed. 
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Introduction to the C MMT Technique 
In this research a technique for identifying and study- 
ing presentation variables in mathematics text was developed. 
These presentation variables, which concern the manner in 
which authors attempt to communicate mathematics in printed 
form, were investigated in terms of various content and 
representational structures in mathematics text. 

The structure of any object may be defined by its ele- 
ments and by the interrelationships among these elements. 
These interrelationships concern the sequencing or ordering 
of the elements and the frequency with which the various 
elements occur. When considering the presentation structure 
of mathematics text, the elements may be thought of as 
messages . The interrelationships among the messages deter- 
mine the organization of the material. 

A mathematics text passage can be thought of as consist- 
ing of a series of messages. In terms of formal mathematical 
content, the basic message types can be con-zeived of as 
undefined terms, definitions, axioms, and theorems. Defini- 
tions require examples and theorems require proofs. For 
mathematics to be meaningful, applications are required. To 
help the student learn the mathematics, exercises and prob- 
lems are usually provided. In terms of representation of 
the content, the basic messages can be conceived of as con- 
sisting of words, special mathematical symbols, or various 
types of illustrations. 



These considerations of mathematical content and mode 
of representation along with extensive examination of exist- 
ing mathematics textbooks led to the development of a two 
dimensional category system for classifying messages in 
mathematics text. This system of categories is given next. 

Classification of Messages in Mathematics Text 
(CMMT Categories) 
Dimension 1. : Content Mode 

0. Blank Space 

I 1. Definition (Meaning of words and symbols.) 

2. Generalizations (Rules, axioms, theorems. 

Reception formulas, etc.) 

(Exposition) 3. Specific Explanation (Concrete examples, 

j specific discussion.) 

I 4. General Explanation (Proofs, general 

discussion.) 



5. Procedural Instruction (Directions.) 

6. Developing Content (Questions in exposi- 
tion, developmental activities, guided 
discovery exercises, etc.) 

Messages 7. Understanding Developed Content (Exer- 
requiring cises involving routine computation, 

responses. practice, identification, etc.) 

(Exercises, 8. Applying Developed Content (Real world 
problems, problems, applications of generaliza- 

tions in concrete situations, etc.) 
9. Analyzing and Synthesizing Developed 

Content (Proving propositions, finding 
new relationships, unguided discovery, 
etc.) 



10. Other Material (Headings, non-mathemati- 
cal materials, etc.) 
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Dimension 2 



Representation Mode 
0. Blank Space 



Written 



1 . Words 

2. Mathematical Symbols 



Illustrations 



3. Representations of Abstract Ideas (Venn 

diagrams, geometric diagrams, mapping 
pictures , etc.) 

4. Graphs (Number lines, coordinate graphs, 

bar graphs, etc.) 

5. Representations of Physical Objects of 

Situations (Plans, maps, cross sec- 
tional drawings, photographs, etc.) 

6. Non-mathematical Illustrations (Motiva- 

tional photographs, cartoons, etc.) 

7. Combinations of Illustrations with 

Written Text (Flow charts, mathemati- 
cal tables, tree diagrams, etc.) 



The CMMT category system is applied to mathematics text 
passages in much the same way that many other observation 
scales are applied to the phenomena they measure. The basic 
unit of measure used is one-fourth of a line of print. An 
area unit is used so that quantitative aspects of the 
organization of passages can be described in terms of the 
space devoted to the various types of messages. To apply 
the category system, a page of text is partitioned into 
sections conforming to the format of the page. A category 
number for each dimension of the CMMT system is recorded 
for each section of this partition. 

When classification of all messages in a passage is 
completed the information may be analyzed in ways which 
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reflect both sequential and quantitative aspects of the 
organization of the passage. Sequential aspects are repre- 
sented by making an ordered list of the classifications 
following the natural flow of the printed material. Matrices, 
similar to those used in interaction analysis (Flanders, 
19 70, pp 77 - 86) are used to analyze the nature of the 
interactions among the CMMT categories in each dimension. 
Quantitative aspects of a passage are described by determin- 
ing the proportions of messages of various types and logical 
combinations of types. All of the descriptive information 
for a given passage is called the CMMT analysis for that 
passage. A computer program is used to derive the CMMT 
analysis of a passage from a rater's codings. 

Thorough descriptions of the CMMT categories and specific 
procedural rules are used by raters applying the CMMT category 
system to mathematics text passages. The procedural rules 
describe general procedures for raters to follow and give 
specific decision rules for dealing with such problems as 
the classification of units containing more than one type of 
message and what to do when in doubt about the classifica- 
tion of a message. A method of estimating rater reliability 
adapted from interaction analysis (Flanders, 1960) is used 
to estimate the reliability of CMMT raters. 

In summary, this study concerned the development of a 
technique for studying presentation variables in mathematics 
text. The basic components of the technique are the CMMT 
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category system, the procedures for using the CMMT categories, 
and CMMT analysis. The union of these components is called 
the CMMT technique . 

Overview of the Study 
This study had purposes which were both developmental 
and empirically oriented. From a developmental point of 
view, the purpose of the study was to develop and refine the 
CMMT technique. From an empirical research point of view, 
the purpose of the study was to investigate the reliability 
and validity of the CMMT technique as a measurement instru- 
ment . 

The development of the CMMT technique was an evolution- 
ary process. The germinal idea was developed from classroom 
interaction analysis studied by Flanders (1970) , Amidon 
(1967) and others. The idea was to use a technique similar 
to interaction analysis to study mathematics text. The 
first step in the development of such a technique was to 
examine existing mathematics textbooks and to begin forming 
a classification system. Successive tentative category 
systems were developed, tried out on mathematics textbooks, 
submitted to critical discussion, and revised. As the 
category system was being developed a theoretical rationale 
for the choice of the categories also began to evolve. Thus, 
the final form of the CMMT category system was based on both 
practical experience and theoretical considerations. 
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Procedures for using the system to code text materials 
were also developed. Procedural matters which were dealt 
with included the choice of the unit of observation, 
decision rules, sampling procedure, and the scope or range 
of application. Simultaneous with the development of the 
CMMT category system and procedures, the method of CMMT 
analysis and a method of estimating rater reliability were 
developed. Computer programs were written for deriving the 
CMMT analysis of a passage from a rater *s codings and for 
determining rater reliability estimates. Chapter 3 is 
devoted to a detailed discussion of the development of the 
CMMT technique. 

The specific purposes of the empirical part of the 
study were: 

1. To investigate the validity of the CMMT technique 
as a means of studying the organization of 
mathematics text* 

2, To investigate the reliability of raters trained 
in the use of the CMMT technique. 

To carry out these purposes, twelve textbooks ranging 
from grade four through grade twelve were studied. A total 
of 99 passages from the twelve textbooks plus twelve con- 
trived passages were submitted to CMMT analysis in the 
validity portion of the study. Certain focus passages were 
used to demonstrate that CMMT analysis can be used to 
describe the organization of mathematics text. The contrived 
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passages, which were written in pairs following opposing 
organizational plans, were used to show that CMMT analysis 
reflected these plans. Successive correlations were made 
between entire sections of the textbooks and increasing 
samples of passages chosen randomly from these sections 
using data from the CMMT analyses. These correlations were 
used to determine what constituted an adequate sample of 
passages from the textbooks. Passages within textbooks were 
also correlated using data from the CMMT analyses. These 
correlations were compared to correlations between passages 
from different textbooks to determine if passages within 
textbooks correlated more highly than passages between text- 
books. Finally, an analysis of variance model was used to 
identify differences between the twelve textbooks on a 
number of CMMT organizational variables. 

Three groups of subjects including university seniors 
studying to become secondary mathematics teachers, practicing 
secondary mathematics teachers, and professional mathematics 
education experts were used to study rater reliability. The 
subjects in each group studied a training booklet to learn 
the CMMT technique and then rated six criterion passages on 
two occasions separated by a minimum four week period of 
time. Repeated measures analyses of variance were performed 
to determine if within- and between-rater differences existed 
between the groups of subjects and to determine if differ- 
ences existed in the rating difficulty of the criterion 

I 
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passages. Within- and between-rater reliability coefficients 
were determined for the subjects in each group who obtained 
proficiency in the application of the CMMT technique. Chap- 
ters 4 and 5 are devoted to a discussion of the reliability 
and validity studies. 

Significance of the Study 
The CMMT technique has import for both practical appli- 
cation and research. Since CMMT analysis provides a means 
of describing the presentation of mathematics text in a 
specific concrete manner, it could be used to provide valu- 
able information about existing textbook materials. Pub- 
lishers may wish to use CMMT analysis to help describe the 
nature of their textbooks. Authors and editors of mathe- 
matics textbooks may wish to use CMMT analysis to assist 
them in the writing and revision of text material. Textbook 
selection committees may wish to use CMMT analysis to help 
them gain more information about the textbooks they are 
considering. CMMT analysis could be utilized in mathematics 
teacher education programs as an aid in the study of mathe- 
matics materials. Thus, CMMT analysis could become a valu- 
able practical tool for helping publishers, authors, text- 
book selection committees, and students of mathematics 
education gather information about mathematics instructional 
materials. 

From a research point of view, the CMMT technique 
offers a way of manipulating and controlling variables in 
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comparative studies of written mathematics text materials* 
Researchers could contrive materials which systematically 
vary on a number of CMMT organizational variables* The 
relationships between these variables and learner outcomes 
could then be investigated. Since the CMMT technique can 
be applied to any mathematics text materials, it is possible 
that results of completed comparative studies could be more 
meaningfully interpreted by submitting the materials used in 
these studies to CMMT analysis. Researchers may wish to use 
CMMT analysis to search for organizational differences among 
existing mathematics textbooks. Thus, CMMT analysis could 
prove useful in research for both identifying and systema- 
tically studying organizational variables in mathematics 
text , 
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CHAPTER II 
BACKGROUND OF THE STUDY 

The first thrust of the revolution that swept mathematics 
education in the post-Sputnik era had to do with changing the 
content of school mathematics. A comparison of the tables of 
contents of textbooks used today with those used in the 19S0's 
reveals the success of this part of the revolution. 

A second thrust of the school mathematics revolution 
dealt with how mathematics should be presented to students. 
Romberg (1969) states that while there is now considerable 
agreement about what mathematics should be taught there is 
not agreement about how it should be taught. Clearly, how 
mathematics should be taught is closely related to how it 
should be presented to students in written form. This chapter 
discusses presentation approaches employed by authors of 
mathematics textbooks, research on mathematics text which has 
been carried out, and research methodologies related to those 
used in this study. 

Approaches to Presenting Mathematics in Text Form 
Different writing groups and authors hold differing 
views on how mathematics should be presented in written form. 
Beberman (1958) described the presentation approach utilized 
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by the University of Illinois Committee on School Mathematics 
(UICSM) . This approach which has come to be known loosely 
as "guided discovery" used problems and exercises to develop 
concepts and skills. The UICSM approach was based on the 
belief that the student will come to understcnd mathematics 
if he plays an active part in developing mathematical ideas 
and procedures. According to Beberman, UICSM materials 
stressed precision in the use of mathematical language with 
the final verbalization of concepts being delayed until after 
the student has worked with the concepts and come to under- 
stand them. 

Wooten (1965) described the more traditional expository 
presentation approach taken in materials written by the School 
Mathematics Study Group (SMSG) . Typically SMSG materials 
consisted of an exposition of a mathematical concept followed 
by exercises and problems over the developed content. Interest- 
ing applications and extensions of the developed content were 
included periodically as problems; however, subsequent content 
development was not usually dependent on these problems. 
Like UICSM materials, SMSG materials stressed the precise 
use of mathematical language but no attempt was made to pro- 
vide extensive experience with concepts hefore verbalization. 

The differences of presentation exemplified by UICSM and 
SMSG materials are typical of the types of differences in 
presentation which can he found in other mathematics text 
materials. An examination of existing mathematics textbooks 
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reveals a number of apparent presentation variables in 
mathematics text. These apparent variables include quanti- 
tative variables such as the amounts of verbal material, 
symbolic material, illustrative material, blank space, 
expository material, exercises, problems, etc. They also 
include sequential variables such as the degree of integra- 
tion of exercises with exposition, the placement of illus- 
trations, the order of presentation of examples and general- 
izations, etc. Finally, these variables include certain 
qualitative variables such as the levels of abstraction, 
concreteness, generality, application, etc. 

The advertisements of textbook publishers also indicate 
the existence of a number of approaches to the presentation 
of mathematics in text form. The advertisements claim that 
various books utilize the discovery approach, the manipulative 
approach, the structural approach, the axiomatic approach, 
the informal approach, the inductive approach, the workbook 
approach, the application approach, the spiral approach, the 
programed text p^^proach, etc. While it is not always clear 
exactly what all of these terms mean, tlie advertisements 
support the contention that there are a variety of approaches 
to presenting mathematics in printed form. 

In summary, there are apparent identifiable presentation 
variables in mathematics text. Some of these variables have 
been described by authors su^h as Beberman and Wooten. 
Others can be inferred from the examination of existing 
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textbooks and from advertisements for new mathematics text- 
books. Unfortunately, research relating specifically to 
presentation variables in mathematics text is practically 
nonexistent. There has been some research relating to 
other specific variables in mathematics text and to mathe- 
matics text in general. This research is discussed in the 
following sections. 

Descriptive and Comparative Studies of Mathematics Text 
Romberg (1969) reviewing current research in mathematics 
education reported little research specifically concerned 
with mathematics text. He reported a number of descriptive 
studies related to the effectiveness of instructional pro- 
grams and many of these studies included written materials. 
However, the main emphasis of these studies appeared to 
concern the mathematical content— i .e. , could a certain topic 
be taught to a given group of students. No control or com- 
parison groups were present in these studies and instructional 
variables other than written text were present to confound any 
results. Hence, these descriptive studies only remotely 
relate to the study of mathematics text and no generalizations 
about variables in mathematics text can be made from them. 

Romberg (1969) also reported that numerous studies have 
been conducted comparing "modern" and "conventional" mathe- 
matics instruction and most of these studies included written 
materials. However, he found it difficult to make any 
generalizations about the effectiveness of written materials 
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from these studies* Most of the studies were small "one 
shot" affairs in which no significant differences were found 
When differences were found it was usually not clear how 
treatments actually differed and confounding variables such 
as teacher influence and between student interactions were 
usually present. Thus, the results of these comparative 
studies were uninterpretable in terms of the learning mate- 
rials used. 

Kieren (1969) reviewed the research in discovery learn- 
ing in mathematics and found that published research in the 
area was large in volume and generally poor in quality. 
There have been a great number of studies comparing "dis- 
covery" and "traditional" approaches to mathematics teaching 
which have utilized written materials. Kieren noted, how- 
ever, that each researcher seemed to have a different con- 
ception of what constituted a "discovery" and a "traditional* 
treatment. In addition to this lack of operational defini- 
tion of treatments, he suggested that discovery research 
generally suffers from a bias of having the development 
effort expanded on the discovery treatment. Hence, it is 
very difficult to make many conclusions about mathematics 
text from the research reported in Kieren' s review. 

By far the most comprehensive study comparing mathe- 
matical text materials is the National Longitudinal Study 
of Mathematical Abilities carried out by the research group 
of the School Mathematics Study Group (Wilson, et al., 1969). 



In that study the relative effects of a number of mathemat- 
ics textbook series were studied over a period of several 
years. A vast amount of data concerning achievement and 
attitude was collected and submitted to intense and sophisti- 
cated analysis. While the study avoided many of the problems 
inherent in smaller comparative studies the results do not 
shed much light on the question of what constitute effective 
approaches to presenting mathematics in written form. 
Apparently, all that can be said about written materials 
from the results of the study is that book A appeared to be 
superior to book B in some aspect of student achievement or 
attitude. It is impossible to identify what variables made 
the approach of book A superior to that of book B. 

Thus, in the past there have been great numbers of 
descriptive and comparative studies involving mathematics 
text. These studies have ranged from small "one shot" 
studies to the extensive National Longitudinal Study of 
Mathematical Abilities. A search of research since the time 
of Romberg's and Kieren's reviews in 1969 reveals that little 
has changed. Descriptive and comparative studies involving 
mathematics text continue to be done. The recent studies 
appear to suffer from the same deficiencies described by 
Romberg and Kieren and the differences, when there are any, 
do little to identify specific meaningful variables in 
mathematics text . 

Both Romberg and Kieren in their reviews infer a need 
for long range systematic research of mathematics text. 
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Important variables in mathematics text need to be identi- 
fied and methodologies for studying them need to be developed. 
Descriptive and comparative studies involving mathematics 
text have done little to meet this need. Fortunately, there 
has been some research relating more specifically to mathe- 
matics text than these broad types of studies. This research 
is discussed in the next section. 

Systematic Research of Mathematics Text 
Two areas where some systematic research of mathematics 
text has been carried out are the areas of sequence theory 
and the readability of the language of mathematics. These 
areas of research will now be discussed in turn. 

Sequence Theory 

Heimer (1969) described the research and development 
efforts toward producing an adequate sequence theory in 
mathematics instruction. He defined instructional sequence 
to mean the order in which the learner interacts with the 
units of content. Heimer claimed that every effort to 
construct mathematical materials demands decisions about 
structuring the content and designing and ordering instruc- 
tional tasks. Thus, sequence theory has important implica- 
tions for the study of variables in mathematics text. 

A major theoretical formulation of sequence theory 
which has implications for the sequencing of mathematics 
text concerns Gagne's learning hierarchies. According to 
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Gagne (1968) a subject may be organized into hierarchical 
structure with a terminal task at the top and prerequisite 
tasks below. To learn the subject a learner starts at the 
bottom of the hierarchy and works his way up through the 
prerequisite tasks to reach the terminal task at the top. 
This theoretical formulation has been particularly appealing 
for the design of sequences in mathematics text since mathe- 
matics has a logical structure which is hierarchical in 
nature . 

Heimer (1969) claimed that a critical analysis of the 
nature and role of learning hierarchies gives rise to a 
number of issues which need exploring. These include: 

1. How is a learning hierarchy constructed? 

2. How is the validity of a learning hierarchy to be 
determined? 

3. What is the relationship between an hypothesized 
learning hierarchy and the associated presentation 
sequence for instruction? 

4. What is the connection between the logical structure 
of the content and the associated learning hierarchy? 

Heimer in his review indicates that a number of studies 
(e.g., Gagne § Paradise, 1961; Gagne, 1962; Gagne et al., 
1962; Merrill, 1965; and Briggs , 1968) have explored these 
questions and he called for continued systematic research in 
the area. Such studies have obvious implications for the 
design of sequences in mathematics text. 
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The position of Ausubel (1963) on learning hierarchies 
and sequencing is not unlike Gagne's, Ausubel claims that 
most tasks can be analyzed into a hierarchy o£ learning 
units. He stated that the sequential organization of subject 
matter can be useful with each new increment of knowledge 
serving as an anchor for subsequent learning, Ausubel 's 
conceptualization of advance organizers, which appear to 
consist of general non- technical overviews or outlines of 
the content to be learned, also has implications to the 
construction of sequences in mathematics text. Several 
studies by Ausubel and others (e.g., Merrill § Stolurow, 
1965; Ausubel, Robbins 5 Blake, 1957; Woodward, 1966; and 
Scandura 5 Wells, 1967) concerning advance organizers have 
been conducted, but the results are inconclusive, A major 
problem with these studies seems to be that no generally 
accepted operational definition of advance organizers has 
been established. 

Suppes (1967) has been another contributor to the theory 
of sequencing in mathematics instruction, Suppes subscribes 
to the idea of the importance of content structure in the 
study of learning sequences. He has theorized about the 
connection that exists between the psychological processes 
of acquisition and the logical structure of mathematical 
concepts. He has made only a few tentative hypotheses 
regarding this and systematic long-range research is needed 
in the area, '^lie implications such research would have for 
the design of mathematics text are clearly important. 
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There have been many studies concerning sequence theory 
other than those closely related to the theories of Gagne, 
Ausubel, and Suppes, Some researchers (e.g., Roe, Case, 5 
Roe, 1962; Roe, 1962; Payne, Krathwohl 5 Gordon, 1967; and 
Pyatte, 1969) have studied the effects of "logically ordered" 
versus "scrambled" sequences in programed text, but the over- 
all results have been inconclusive • Heimer (1969) indicated 
that the effect of scrambling may be dependent of the size 
of the learning unit which was scrambled, on the logical 
interrelatedness of the content being presented, and on the 
validity of the order of the "logical" sequence which was 
scrambled. Heimer questioned the purpose of studies of 
scrambled order sequences and inferred that the results of 
such studies add little to the knowledge of how to construct 
effective sequences. 

A number of studies reported in Heimer* s review concerned 
the evaluation and/or contrasting of sequence strategies in 
mathematics materials. These studies involved the tree-graph 
structuring of content into concepts and subconcepts (Newton 
and Hickey, 1965), the effect of structurally related classes 
of previous learning on problem solving (Scandura; 1966a, 
1966b, 1966c), multiple concept versus single concept 
sequences (Short and Haughey, 1967), and variables of repeti- 
tion and spaced review (Reynolds et al., 1964). Hickey and 
Newton (1964) also set forth a set of eight hypotheses for 
the study of structure and sequence. 
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In concluding his review of the research in sequence 
theory, Heimer stated that knowledge about the construction 
of efficient instructional sequences in mathematics materials 
was desperately sparse. He indicated that while a number of 
researchers are working in the area there is a need for 
systematic long-range programs of research of the sequencing 
of instructional materials in mathematics. 

The research in sequence theory briefly described here 
is only tangentially related to the type of presentation 
variables in mathematics text investigated in this study. 
Hence, the research in sequence theory was not reviewed in 
depth. An area of research more closely related to this 
study is the area of the readability of mathematical language 
discussed in the next section. 

Readability Studies 
Readability formulas have been widely used to assess 
the ease with which written material can be comprehended by 
readers. A readability formula is a prediction equation. 
The predictor variables typically include such variables as 
average sentence length, the number of difficult words 
according to some standardized vocabulary list, the number 
of personal pronouns, and others. These predictor variables 
depend only on the reading materials and not on the reader. 
The criterion measure, on which a readability formula is 
validated, is some measure of the comprehensibility of the 
material such as readers' comprehension test scores, expert 
judgement, or other validated readability formulas. 
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Thus, a readability formula can be applied to written 
text independent o£ the reader to assess the readability of 
the material. Care should be taken, however, when applying 
readability formulas to written material. Any measurement 
instrument is valid for a given purpose, for specific sub- 
jects, and specific content. Therefore, a given readability 
formula should only be applied to measure the readability of 
material similar to the material which was used in its 
validation and for subjects comparable to the subjects on 
which it was validated. 

Most readability formulas were validated using materials 
of a general reading nature, Kane (1968, 1970) described 
some of the differences between ordinary English and mathe- 
matical English. For example, he pointed out that mathemati- 
cal English has a specialized vocabulary and contains special 
symbols not found in ordinary English. He discussed the 
inappropriateness of applying existing readability formulas 
to mathematical writing, Chall (1958, p, 125) noted that 
it is questionable whether existing readability formulas 
are valid for estimating reading difficulty of mathematics 
textbooks. 

Nevertheless, a number of researchers (Heddens § Smith, 
1964a, 1964b; Wiegand, 1967; Smith, 1969; Cramer § Dorsey, 
1969) have used standard readability formulas in an attempt 
to measure the readability of mathematics textbooks. In 
these studies mathematical words were usually classified as 



24 



difficult words and mathematical symbols were ignored in 
applying the formulas. For reasons described above the 
results of these studies are highly suspect. 

A few researchers have made progress toward adapting 
regular readability techniques to the language of mathematics 
The cloze procedure has been used by researchers as a measure 
of the readability of ordinary English. Cloze tests are con- 
structed by deleting words or symbols from passages and 
replacing them with blanks which subjects attempt to fill-in 
with the correct word. Hater (1969) validated the cloze 
procedure as a measure of reading comprehension on the 
language of mathematics at grade levels 7 through 10. 

Most readability formulas utilize some measure of 
vocabulary difficulty. Because of the specialized nature 
of mathematical vocabulary and mathematical symbolism, word 
familiarity lists constructed for ordinary English are 
inadequate for measuring the familiarity of mathematical 
language. Byrne (1970) established a measure of the famili- 
arity of mathematical terms and symbols to seventh and 
eighth grade students in the United States. 

Building on Hater's and Byrne's research Kane, Hater, 
and Byrne (1970) constructed a readability formula for the 
language of mathematics. This formula predicts mean cloze 
scores for seventh through tenth grade students on mathe- 
matics passages. The predictor variables in this formula 
were the number of mathematics words not on the list of 



mathematics words judged known by 80 percent of the seventh 
and eighth graders in the United States and the number of 
different words with three or more syllables. These vari- 
ables accounted for 60 percent of the variation in mean 
cloze scores for the criterion passages. These researchers 
are continuing work toward the construction of a second 
formula based on a broader sample of materials than the 
initial formula. 

Kulm (1971) studied the readability of elementary algebra 
textbooks. He used multiple regression analysis with criterion 
measures of mean cloze scores to search for predictors of 
readability. He found that the percentage of mathematical 
symbols, the percentage of mathematical vocabulary words, 
average sentence length, and the percentage of questions 
were the best four predictors accounting for approximately 
40 percent of the variation. 

While the research in the readability of the language of 
mathematics is not directly related to the technique of study- 
ing presentation variables in mathematics text developed in 
this study, one major aspect of the readability research is 
similar. Readability formulas provide a means of obtaining 
specific information about mathematics text. This study 
represents an extension of readability studies in the sense 
that its purpose was to develop a technique for obtaining 
other useful information about mathematics text. On the 
other hand, the methodology of constructing prediction 
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equations is not employed in this study. Methodological 
techniques and other research directly utilized in this 
study are described next. 

Methodological Techniques and Other Related Research 
The germinal idea for the technique of investigating 
presentation variables in mathematics text which was developed 
in this study came from the systems of classroom interaction 
analysis developed by Flanders (1970), Amidon (1967) and 
others. These systems of interaction analysis utilize sets 
of categories for classifying types of student and teacher 
classroom behaviors. The classifications of the behavior in 
classrooms are then analyzed to describe the nature of the 
interaction which has taken place. 

An observer utilizing an interaction analysis system 
classifies the type of behavior occurring in a classroom at 
time intervals of say every three seconds. The sequonce of 
these classifications is then listed to describe the sequence 
of behaviors which occurred in the classroom. The percentage 
of observations in each category or logical combinations of 
categories are computed to describe the amount of time devoted 
to various behaviors. Interac .ons which exist between the 
classified behaviors are analyzed with the use of a matrix. 
For an n category system, an n x n matrix is constructed with 
the ij^^ entry representing the frequency with which category 
i was followed by category j in the observer's sequence. 
Various interactions between the classified behaviors can be 
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described in terms o£ the entries in certain regions of the 
matrix. 

The technique of interaction analysis has led to a 
great deal of fruitful research in analyzing teaching 
behavior. Application of interaction analysis has been made 
to problems of improving teacher behavior and to the training 
of teachers. While interaction analysis research and its 
applications are interesting, it is the technique of inter- 
action analysis which is important to the study presented 
here. The idea of this study was to develop a system of 
categories for classifying material in mathematics text a^A 
to use a technique similar to interaction analysis to 
analyze the interrelationships among classifications. 

The first major problem to be fac<id was the construction 
of a category system for classifying the material in mathe- 
matics text. As a theoretical starting point three estab- 
lished classification systems were drawn upon. Bloom (1956) 
presented a system for classifying educational objectives. 
This hierarchial system is summarized below. 

1. Knowledge - involves the recall of specifics, 

methods, or processes. 

2. Comprehension - involves the understanding and use 

of material without relating it to 
other material or seeing its full 
implications . 
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3. Application - involves the use of abstractions in 

particular and concrete situations. 

4. Analysis - involves the breakdown of material into 

its constituent elements so relations 
between ideas are made explicit. 

5. Synthesis - involves the putting together of 

elements so as to form a whole. 

6. Evaluation - involves judgments about the value 

of material. 

The National Longitudinal Study of Mathematical Abilities 
(Wilson, et al., 1969, pp. 39-40) developed a system not 
unlike the Bloom system to classify materials for testing 
mathematical abilities. These categories are summarized 
below . 

1. Computation - straight forward manipulation accord- 

ing to rules. 

2. Comprehension - emphasis on demonstrating under- 

standing of concepts and relation- 
ships . 

3. Application - requiring recall of knowledge, selec- 

tion of operations, and performance 
of operations. 

4. Analysis - requiring a non-routine application of 

concepts . 

Finally, Bruner (1967) described a system of represen- 
tation which had implications for the category system 
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developed in this study. He theorized that the representa- 
tion of material may be symbolic, iconic, or enactive. 
Symbolic representation is exemplified by languages and 
systems of mathematical symbols. Iconic representation 
concerns pictures, illustrations, and physical models. 
Enactive representation involves the manipulation of real 
objects . 

Summary 

There are apparent variables in the presentation of 
mathematics text. These variables have been described by 
mathematics textbook authors and can be inferred from 
observations of textbooks. Research related to mathematics 
text consists of descriptive studies, comparative studies, 
sequencing studies, and readability studies. Little is 
known from the research about presentation variables in 
mathematics text . 

In this study the technique of classroom interaction 
analysis served as a model for the development of a technique 
for studying presentation variables in mathematics text. 
Classification systems of Bloom, the National Longitudinal 
Study, and Bruner served as a theoretical starting point 
for establishing a system of categories for classifying 
material in mathematics text. The category system and 
technique which were developed are described in the follow- 
ing chapter. 



30 



CHAPTER III 
DEVELOPMENT OF THE CMMT TECHNIQUE 

^ One of the main purposes of this study was to develop a 
technique for identifying and studying presentation variables 
in mathematics text. These presentation variables concern 
the manner in which authors attempt to communicate mathemat- 
ical content in printed form. 

Presentation variables in mathematics text were studied 
in terms of both content and representational structures 
within mathematics materials. The structure of any object 
is determined by its elements and by the interrelationships 
among its elements. In considering presentation structures 
of mathematics text, the elements are called messages . The 
interrelationships among the messages in mathematics text 
determine the organization of the material. 

As a first step in the development of this technique 
for studying the presentation of mathematics text, a means 
of identifying the basic elements or messages had to be 
developed. To accomplish this, a system of categories for 
classifying messages in mathematics text was devised. The 
categories in this system define the message types investi- 
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gated in this study. The classification system is called 
the CMMT category system. The letters CMMT stand for 
"Classification of Messages in Mathematics Text." 



The second step in the development of this technique 
was to devise a method of describing and analyzing the 
interrelationships among the messages in mathematics text. 
These interrelationships, which determine the organization 
of mathematics text, concern the ordering or sequencing of 
the messages and the frequencies with which the messages 
occur. The method which was developed for analyzing the 
organization of the messages is called CMMT analysis . The 
CMMT category system and method of analysis along with the 
procedures for using the category system are the basic com- 
ponents of the CMMT technique . 

The specific developmental objectives of the study were 

1. To develop a system of categories for classifying 
the messages in mathematics text. 

2. To develop complete, usable descriptions of these 
categories . 

3. To develop procedures for using the category system 
to classify messages in mathematics text. 

4. To develop a method of analyzing the organization 
of mathematics text from the classification system. 

5. To develop a method of estimating reliability for 
raters using the category system. 

This chapter is devoted to describing how each of these 
developmental objectives was attained. 



32 



Development of the CMMT Category System 
The CMMT category system grew out of considerations 
which were both theoretical and practical in nature. 
Theoretical considerations concerned the structure of mathe- 
matical systems, cognitive processes used in learning mathe- 
matics, and systems of representation of learning material. 
Practical considerations concerned the nature of existing 
mathematics textbooks-i.e. , the. types of things which are 
possible to classify in mathematics text. The CMMT category 
system which was included in Chapter 1 is repeated here for 
convenience. It is followed by a description of its develop- 
ment. 

Classification of Messages in Mathematics Text 
(CMMT Categories) 
Dimension _1: Content Mode 

0. Blank Space 



Messages 
requiring 

only 
reception. 



Definition (Meanings of 

words or symbols .) 
Generalizations (Important 

rules, axioms, theorems, 

formulas, etc.) 
Specific Explanation 

(Concrete examples and 

discussion in specific 

terms . ) 
General Explanation 

(Proofs of propositions, 

general discussion, etc.) 



Exposition 



erJc 
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Messages 
calling 
for 
responses 
other 
than 
reception. 



5. Procedural Instructions 

(Directions .) 

6. Developing Content 

(Questions in exposition, 
developmental activities, 
guided discovery exercises, 
etc. 

7. Understanding Developed 

Content (Exercises involv- 
ing routine computation, 
practice , identification , 
etc.) 

8. Applying Developed Content 

(Real world problems , 
applications of generaliza- 
tions in concrete situa- 
tions, etc.) 

9. Analyzing and Synthesizing 

Developed Content (Proving 
propositions, finding new 
relationships in developed 
content, unguided discovery, 
etc. 



Subclassi- 
f ications 
of ques- 
' tions , 
exercises , 
problems , 
activities , 
etc. 



10. Other Material (Headings, non-mathematical 
materials, etc.) 



Dimension 2: 



Representation Mode 
0. Blank Space 



Written 

text. 

I 



1. Words 

2. Mathematical Symbols 



Illustration 



3. Representations of Abstract Ideas (Venn 

diagrams, geometric diagrams, mapping 
pictures, etc.) 

4. Graphs (Number lines, coordinate graphs, 

bar graphs, etc.) 

5. Representations of Physical Objects or 

Situations (Plans, maps, cross 
sectional drawings, photographs, etc.) 

6. Non-mathematical Illustrations (Motiva- 

tional photographs, cartoons, etc.) 



7. Combinations of Illustrations with 

Written Text (Flow charts, mathematical 
tables, tree diagrams, etc.) 
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The development of the CMMT category system began with 
the examination of a number of existing mathematics text- 
books. From the beginning the broad division between exposi 
tion and exercises or problems was apparent. It was obvious 
that books differed in the amount of space devoted to exposi 
tion versus exercises and problems. From these initial 
observations the broad categories of messages requiring only 
reception versus messages calling for responses beyond 
reception were abstracted. 

Another major distinction made clear by the examination 
of existing textbooks concerned the mode of presentation of 
mathematics text. Materials appeared to vary with respect 
to the amounts of words, mathematical symbols, and illustra- 
tions which were present. It was clear that there were 
interactions between these modes of representation and 
classifications concerning content. Thus, it was decided 
to construct a two dimensional system of categories with 
dimension 1 classifying mathematical content and dimension 2 
classifying the type of representation used. 

As the category system began to evolve, a theoretical 
rationale for the choice of categories took shape. The 
subclassifications of exposition in the content mode are 
based on considerations of the structure of mathematical 
systems. The elements of the structure of a mathematical 
system may be thought of as undefined words, definitions, 
axioms, and theorems. Theorems are statements requiring 



verifications which are called proofs. Many times general 
mathematical concepts are explained in terms of specific 
instances which are called examples. It was decided to 
classify messages requiring only reception on the part of 
the learner in terms of these elements of the structure of 
mathematical systems. 

In order for mathematics to become meaningful to a 
learner, he must interact with it. To help meet this need 
most textbooks provide exercises and problems. Some text- 
books contain other interrogative material woven into the 
exposition. The problems and questions in mathematics 
textbooks play various roles in helping students learn 
mathematics. Some exercises serve to make the learner 
participate in the development of content. Others aid the 
learner in understanding concepts of skills. Some problems ' 
require the student to extend developed content through 
application, analysis, and synthesis. Thus, it was decided 
to classify messages in the content mode requiring responses 
beyond reception in terms of the cognitive processes required 
of the learner. 

Bloom (1956) provided the hierarchical classification 
of cognitive processes listed below. 

1. Knowledge 

2. Comprehension 

3. Application 

4. Analysis 



36 

5. Synthesis 
6* Evaluation 

The National Longitudinal Study of Mathematical Abilities 
(NLSMA) utilized a system of classifications similar to the 
Bloom classifications (Wilson, et al • , 1969, pp, 39-40) • 
The NLSMA system is listed next. 

1 . Computation 

2. Comprehension 

3. Application 

4. Analysis 

The subclassif ications of problems and exercises used in the 
content mode of the CMMT category system are similar to the 
two classification systems given above. The relationship 
between dimension 1 of the CMMT system and these other two 
systems is summarized in Figure 1. 

Dimension 2 of the CMMT category system deals with how 
mathematical content is represented. The rationale for the 
subclassif ications of this dimension is derived from Bruner^s 
system of representation (Bruner, 1967, pp. 10-14), from the 
literature on the readability of the language of mathematics, 
and from the level of abstraction present in mathematics text 
illustrations. Brunner theorizes that the representation of 
material may be symbolic (language), iconic (pictorial), or 
enactive (manipulative). Although mathematics text by nature 
is not enactive the symbolic- iconic distinction is an 
apparent representational variable in mathematics text. This 
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Structure of a 
Mathematical System 


Classifications 
CMMT Bloom NLSMA 


Undefined Words 
Definitions 


1 






Axioms 
Theorems 


2 


1 § 2 


Not 
Applicable 


Examples 


3 




Proofs 


4 






riuccooCo UoC^U ±li OLUU^ 

Mathematics Text 


X 


Xi 


X 


Developing Content 


6 


1 § 2 


1 § 2 


Understanding Developed Content 


7 


Applying Developed Content 


8 


3 


3 


Analyzing and Synthesizing 
Developed Content 


9 


4^5 


4 



Note: Blank Space (0), Procedural Instructions (6), and 

Other Materials (10) are essentially non-mathematical 
in nature and are excluded from the above table. 
However, these types of messages occur frequently in 
mathematics textbooks and therefore are included in 
the CMMT system. 



Figure 1 

Rational for Dimension 1 CMMT Categories 
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distinction provides the rationale for the broad classifica- 
tions of written text and illustration. 

Readability literature indicates that the distinction 
between words and mathematical symbols may be an important 
variable related to the readability of the language of 
mathematics (Kane, 1970). This distinction serves as the 
rationale for the subclassif ication of written text into 
words and mathematical symbols. The subclassif ications cf 
illustration are based on the level of abstraction of the 
illustration. Categories (3) through (5) of dimension 2 of 
the CMMT system represent a range in levels of abstraction 
with (3) representing the most abstract and (5) the least 
abstract type of illustration. 

In summary, the rationale for the choice of the CMMT 
categories is based on both practical and theoretical con- 
siderations. As the system evolved decisions as to what 
classifications would be theoretically meaningful had to be 
made in the light of the practicality of using the system to 
classify messages in existing mathematics text. Several 
tentative classification systems were developed, tried out 
on existing materials, submitted to critical discussion, and 
revised. The classification system which in the end was 
developed is not the only possible system. Further research 
will have to determine if it is a system which is usable and 
meaningful . 
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Description of the CMMT Categories 
As the final form of the CMMT category system began to 
take shape, tentative descriptions of the categories were 
written. These descriptions were used in the classification 
of messages in existing text. Problems in applying these 
descriptions were noted and on the basis of this experience 
the descriptions were revised and refined. The resulting 
complete descriptions follow. 

Description of Dimension 1 Categories 

0. Blank Space ; Any unit which is completely blank. 

1. Definition (Meanings of words or symbols.): 
Messages whose primary purpose is to give the mathe- 
matical meanings of words, symbols, or phrases. 

Any statement of a definition or any description of 
a mathematical term. May be integrated into the 
written text or set off as a formal definition. 

2. Generalization (Important rules, axioms, theorems, 
formulas, etc.): Messages whose primary purpose is 
to give important general mathematical concepts, 
ideas, or procedures. Any statement of an axiom or 
theorem. May be integrated into the written text or 
formally set off as a rule, formula, principle, etc. 

3. Specific Explanation (Concrete examples and discus- 
sion in specific terms.): Messages whose primary 
purpose is to give specific or concrete instances of 
general definitions, axioms, or theorems. Any 
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discussion or explanation of concrete examples. 
May be integrated into written text or specifically 
set off as formal examples. 

General Explanation (Proofs of propositions, general 
discussion, etc): Messages whose primary purpose 
is to explain or discuss general concepts, ideas or 
procedures. Any proof of a formal proposition. 
General statements which seek to clarify, justify, 
show how or why, etc. May be used to introduce, 
relate, or summarize aspects of a passage. Exposi- 
tory statements with mathematical content which are 
not clearly classifiable as 1 through 3. 
Procedural Instructions (Directions.): Procedural 
directions appearing anywhere in a text passage. 
May indicate to the reader what he is to do with a 
set of exercises or problems. May be stated in 
the form of a question. Does not apply to directive 
statements containing substantial mathematical 
information . 
Typical examples : 

a. Solve the following equations. 

b. Complete. 

c. Look at Figure 7. 

d. What are the solution sets for the open sen- 
tences below? 

Developing Content (Questions in exposition, develop- 
mental activities, guided discovery exercises, etc.): 
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Questions, activities, or exercises designed to 
help develop content. May call for verbal discus- 
sion, physical activity, or thought or written 
responses. May be designed to guide the student 
to discover some mathematical concept. Exercises 
or protlems whose primary purpose is to develop or 
present new content. Questions, activities, or 
exercises integrated into the exposition which are 
designed to make the reader participate in the 
development of the content. 
7. Understanding Developed Content (Exercises involving 
routine computation, practice, identification, etc.): 
Exercises which are clearly on the knowledge or 
comprehension level of Bloom's Taxonomy, May involve 
lowest level of application where a generalization 
is used in a situation essentially identical to the 
situation in which the generalization was presented 
in the text. The emphasis here is on understanding 
the content which was presented in the text. May 
involve the recall of specific information and pro- 
cedures or the understanding of presented content 
with only routine alterations of material. May 
involve the use of material without relating it to 
other materials or situations or seeing its broader 
implications . 
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Typical examples: 

a. Exercises of a purely computational nature. 

b. Exercises intended to give practice in a skill 
or procedure. 

c. Exercises which are essentially the same as 
examples given in the text. That is, exercises 
whose solutions depend cn the imitation of 
examples worked out in the text. 

d. Problems which require only a direct routine 
application of a definition or generalization. 
Such as finding the circumference of a circle 
with a given radius. (Where the emphasis is 

on understanding the gener lization rather than 
on using it to find solutions to problems.) 
Applying Developed Content (Real world problems, 
applications of generalizations in concrete situa- 
tions, etc.): Exercises or problems which are on 
the application level of Bloom's Taxonomy. The 
emphasis here is on using the content presented in 
the text in a new or different situation. The new 
situation may be mathematical or a real life or 
physical situation. May involve the use of an 
abstraction in a concrete situation which ^he 
student has not seen before. Involves the recall 
and understanding of information and in addition 
the utilization of the content in a non-routine 
manner to find the answer to a problem. 
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Typical examples: 

a. Using general formulas or procedures to solve 
mathematical problems, 

b. Using general mathematical principles developed 
in the text to find solutions to real life 
problems. (Word problems.) 

c. Applying general definitions, axioms, and 
theorems in concrete situations or to specific 
mathematical models. 

d. Interpreting concrete examples in terms of 
general structures . 

Analyzing and Synthesizing Develope d Content 
(Proving propositions, finding new relationships 
in developed content, unguided discovery, etc.): 
Problems which are on the analysis or synthesis 
level of Bloom's Taxonomy. May involve the break- 
down of content into its basic elements so that 
relationships between ideas are made more explicit. 
Typical examples : 

a. Problems requiring the proof or disproof of a 
proposition. 

b. Problems requiring the discovery of new relation 
ships between elements of developed content. 

Other Material (Headings, non-mathematical materials 
etc.): Messages not fitting categories 0 through 9. 
May be headings of sections, exercises, etc. May be 
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motivational or historical material. Messages 
which are non-mathematical in character. 

Description of Dimension 2 Categories 
Blank Space : Any unit which is completely blank. 
Words: Messages which are made up predominately of 
ordinary English words. 

Mathematical Symbols : Messages which are made up 
predominately of mathematical symbols. 
Representations of Abstract Ideas : May be drawings 
to illustrate abstract sets, Venn diagrams, mapping 
pictures, geometric diagrams, etc. 
Graphs : May be bar graphs, line graphs, circle 
graphs, etc. Or, may be number lines or various 
types of coordinate system graphs. 
Representations of Physical Objects or Situations : 
Must have some mathematical content. May be drawings 
or photographs of real objects or living things which 
illustrate mathematical content. Could be cross 
sectional diagrams, maps, plans, charts, etc. 
Non - mathematical Illustrations : Non-mathematical 
in nature and not illustrating any mathematical 
content being considered. May be motivational or 
historical cartoons, photographs, or drawings. 
Combinations of Illustrations with Written Text : 
May be some sort of diagram which contains substan- 
tial mathematical information in the form of words 
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or symbols. Includes all mathematical tables, 
flow charts, tree diagrams, etc. 

Procedures for Using the CMMT System 
As the definit ions of the CMMT categories were being 
developed a number of procedural matters dealing with how to 
use the system in classifying messages in mathematics text 
had to be considered. These procedural matters concerned 
the unit of observation, the method of subdividing material 
for classification, coding procedures, specific decision 
rules to use when deciding between conflicting classifica- 
tions, general approaches to classifying passages, the scope 
or range of application of the system, and the sample size 
to use when analyzing material in existing textbooks. 

Unit of Measure 
It was decided that an area unit of measure would be 
used so that the material in a passage could be represented 
quantitatively in terms of the space devoted to various 
categories and to logical combinations of categories. From 
experience rating textbook passages it was learned that, 
except for the symbol-word classifications, messages as 
classified by the CMMT system usually took up more area 
than one-fourth of a line of print. It was also found that 
units smaller than one-fourth of a line of print tended to 
make the task of classifying the messages in a passage too 
tedious. Thus, the area of one-fourth of a line of print 



46 



on a given page was chosen as the basic unit of measure for 
that page. A "greatest part rule" was made for classifying 
units containing more than one type of message. 

Partitioning Passages into Messages 
Initially it was thought that to code a page of text 
all that was needed was to arbitrarily partition the page 
into units and then proceed to code each unit. To do this 
a uniform rectangular grid was drawn with each section in 
the grid having an area of one-fourth of a line of print. 
Such a subdivision of a page of text is ^^hown in Figure 2. 

Experience showed that the uniform grid method of par- 
titioning a page of text had a number of drawbacks. Typically 
the format of a page of mathematics text did not conform well 
to the grid. Much of the time the natural divisions between 
types of messages on a page did not fit the arbitrary divisions 
imposed by the grid. The grid produced many subdivisions con- 
taining parts of two different types of messages and this 
made classification difficult. The grid also tended to divide 
single messages into a number of units and this made the task 
of coding the units unnecessarily repetitive. 

Because of the problems inherent with the uniform grid, 
it was decided to use a method of subdivision which would 
more closely conform to the natural divisions between types 
of messages. This subdivision of a page of text is determined 
by first drawing boxes around each illustration, sentence, 
exercise, section heading, and blank space which appears on a 
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1. Draw a set of 18 clots on vourj)aper. 






RinR as many sets of 6 as you can. 






fAl How many did you find? IbI Solve the equation, I8-r6 = ;ni 








2. Draw a set of 24 dots on your paper. 


Ring as many ' 




sets of 4 as you can. Solve the equaiion, 24 4-4= nj. 
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3. Draw a set of 32 dots on your paper. 


Ring as many 




sets of 8 as you;can. Solve the equation, 32-7-8 = [03. 








4. Study the sets, ffhen solve the equation. 
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5. Give the missing numbers. 






[a] There are 1;!'; sixes in 36. 


[b] There are iiS! sevens in 28. 


. 36^ 6 = in] f 


28-v-7 = (m 



Figure 2 

Uniform Subdivision of Illustrative Passage 
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page. Sentences are then further subdivided by separating 
the words from the mathematical symboli;. Ivxperience showed 
that this more natural method of subdivision produces a 
partition of a page which is easier to work with than the 
partition determined by the uniform grid* An example of a 
partitioned passage is given in Figure 3. This partition 
can be compared with the partitioning by the rectangular 
grid given in Figure 2. 

Weighting Messages 

liven though the uniform rectangular subdivision was 
rejected, a basic area unit was retained in the sense that 
when a CMMT analysis is made of a passage each subdivision 
is weighted in terms of its area. This unit of area is the 
area occupied by one-fourth of a line of print in the passage 
being analyzed. Its length is determined by one-fourth of 
the distance between the right and left margins of a full 
line of expository print. Its height is the distance between 
the lower edges of two successive lines of expository print. 

liach subdivision in a coded passage is weighted to the 
nearest number of units which it occupies. Thus, if a sub- 
division covers the area of approximately two and one-fourth 
lines of print it receives a weight of nine. If it takes up 
the area of two-thirds of a line of print it receives a 
weight of three. Subdivisions taking up less than one- 
eighth of a line of print receive a weight of one. 
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Think: 
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Think: 

There are 5 sets 
of 3 in a set of 
15. 



Write: 15-r5 = 3 




Write: 15-^3 = 5 






5 is the divisor. 






3 is the divisor. 




3 is the quotient • 


5 is the quotient. 



iXERCISES 



1. Draw a set of 18 dots on your paper. | 



Ring as many sots of 6 as you can. ^ 

[aT How many did you find? ( [Bj Solve the equation, |18 -7-6 



2. Draw a set of 24 dots on your paper.} Ring as many 



sets of 4 as you can. (Solve the cquation,f24-r4= 



3, Draw a set of 32 dots on your paper. ( Ring as many 



sets of 8 as you can, j Solve the equation,)32-f-8 = 'n' 



i. Study the sets. Then solve the equation, j 





□ 


i< • 


□ 


n 


□) 


(□ 


□ 


n 




n 


c) 




n 


□ 


□ 


□ 


n) 



C n n n n □ □) 



[0] * * * * 



★ ★ ★ 



★ ★★★★★★ 



★ ★ ★ ★ ★ ★ 



[c] 



❖ « « ❖ ❖ 

❖ « ❖ ❖ ❖ 



24-7-6 = n: 




2i.T-7=fni 





20-f-4= n: 



). Give the missing numbers. | 



[a] There are B| sixes in 36. 
36 H- 6 = in] I 



[b ] There are sevens in 28. 
28.^-7 = .ni I 



Figure 3 

CMMT Partition of Illustrative Passage 
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In CMMT analysis, these weights are used to determine 
areas devoted to the various types of messages in a passage. 
The weighting of subdivisions in terms of area allows the 
method of subdividing a passage to be somewhat arbitrary 
with the weighting system correcting for any differences in 
subdivisions determined by different users. 

Coding Passages 
After a passage has been subdivided the messages in 
each subdivision are classified on both dimensions of the 
CMMT category system. This is done by recording a symbol 
of the form m-n in each subdivision, where m is the classi- 
fication on dimension 1 and n is the classification on 
dimension 2 of the CMMT category system. Figure 4 is an 
example of a coded page of text. 

General Coding Procedures 
Experience coding passages using the CMMT system led to 

the discovery of some general procedures and decision rules 

which proved useful. These are presented below in outline 

form as notes on using the CMMT technique. 

Notes on Using Dimension 1^ Categories . 
A. Begin by mentally delineating between the blank spaces 
(0), exposition (1-4), messages requiring responses 
(5-9), and other material (10). This will make the 
task of making finer distinctions easier. 
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Codcu Illustrative Passage 
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To rate exposition (1 - 4): 

1. First identify definitions (1) and generaliza- 
tions (2) . 

1. Of the remaining exposition, classify all messages 
giving specific instances of more general content 
as specific explanation (3) . 

3, Classify the remaining exposition as general 
explanation (4) . 

C. To rate messages requiring responses (5-9): 

1. First identify procedural instructions (5). 

2. Base decisions involving exercises and problems 
(6 - 9) on the processes involved. Do not base 
these decisions on the difficulty of the problem 
or exercise. 

D. Illustrations as well as written messages must be 
classified on dimension 1. The classification of an 
illustrative message is determined by the same rules 
as the classification of written messages. If a 
diagram illustrates a definition it is classified as 
a definition, if it illustrates a proof it is classi- 
fied as general explanation, etc. 

li. When in doubt about how to classify a message reread 
the descriptions of the appropriate categories. 
Notes on Using Dimension 2^ Categories . 
A. To decide if a written message in a unit is predominantly 
words or symbols, count the words necessary to say the 
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message. If the symbols account for more than or the 
same number of these words as the ordinary English 
then classify the message as symbols (2). Otherwise, 
classify the message as words (1) . 
B. When classifying messages (3 - 7) identify the non- 
mathematical illustrations (6) first. Then make the 
remaining classifications. When in doubt reread the 
appropriate category descriptions. 

Range of Application and the Sampling of Passages 
The range of applicability for the CMMT technique was 
conjectured to be grade levels 4 through 12. This range was 
chosen since children in grades K through 3 seldom study 
mathematics through reading text materials and since most 
college mathematics textbooks are formal in nature and 
written for specialized audiences. 

Typically mathematics textbooks are divided into large 
sections which cover a single broad topic or set of related 
topics. In turn, these sections are usually divided into 
short lessons. In each lesson a set of related concepts 
are presented. When sampling text passages for CMMT analysis 
entire lessons should be sampled. Only in this way can the 
organization of the material in a text be adequately 
described. 
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Description of CMMT Analysis 
When a passage of text has been coded using the CMMT 
system, the information obtained may be displayed and analyzed 
in the following ways. 

Listing 

The sequence of messages in a passage may be displayed 
by listing them in the order in which they appear in the 
text. This order is determined by following the natural 
flow of the material through the subdivisions of the parti- 
tion used in the classification process. The natural flow 
of the material is basically a left- to-right and top-to-bottom 
ordering with modifications to accommodate the format of the 
passage. In the list, the classifications for each dimension 
of the category «^vstem and the associated weight are recorded 
for each subdivision of the partition. The manner in which 
the list may be used to analyze the sequential nature of a 
passage is illustrated in Figure 5 which is the list for the 
illustrative passage coded in Figure 4. 

Matrices 

Matrices are used to analyze the interactions between 
categories in each dimension and the interaction between 
dimensions of the CMMT system. For interactions between 
categories within dimensions a matrix of the frequency with 
which a given message is followed by another given message 
is used. This yields a 10 x lo matrix for dimension 1 and 
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Dim 1 Dim 2 



Weight 



Heading 



lixposi tion- 



lixercises — 



Intro. Statement- 



Example followed, 
by definition. 



Example followed 
by definition. 



Heading - 
Exercise 



Exercise — 
Directions- 
Exercise — 



Exercise — 
Directions 
Exercise — 



Exercise 



10 
0 

-»■ 4 
C 
3 
3 
3 
0 
1 
0 
3 
3 
3 
0 
1 
0 
10 
0 
7 
7 
0 
7 
7 
0 
5 
0 
7 
7 
0 
7 
7 
5 
7 
7 
0 
7 
7 
0 



{ 
{ 



-i 
i 



Word 
-Illus. 
Symbol 
Sequence , 

Word 
.Illus. 
Symbol 
— ^ Sequence, 



1 
0 
1 

0 

1 

3 
2 
0 
1 
0 
1 
3 
2 
0 
1 
0 

1 

0 

l~l_Word 
2 J~ Symbol 
0 

iHWord 

2 J Symbol 

0 

1 

0 

3'~l_Illus. 
2J Symbol 
0 

3~|_Illus. 
2 __| Symbol , 

iHWord 
2_| Symbol , 
0 



I,- 



Word 



2 J Symbol 
0 



1 

5 

2 

2 

4 

4 

1 

2 

2 

1 

4 

4 

1 

2 

2 

5 

1 

7 

7 

1 

6 

5 

1 

6 

2 

2 

5 

1 

1 

5 

1 

2 

2 

1 

1 

2 

1 

1 



(The weight indicates the number of area units of approxi- 
mately one-fourth of a line of print devoted to each message 
recorded in the list.) 



Figure 5 

CMMT List for Illustrative Passage 
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a 7 X 7 matrix for dimension 2. The manner in which these 
within dimension matrices are used to analyze passages is 
illustrated below by the matrices for the illustrative 
passage coded in Figure 4. 



Dimension 1 
Categories 

123456789 10 



Dimension 1 
Categories 




Figure 6 

Dimension 1 Interaction Matrix for Illustrative Passage 

The notes which follow describe the dimension 1 inter- 
action matrix given in Figure 6. 

a. Entries in* the matrix are in terms of units of one- 
fourth of a l^ne of print. Entry n in row i and 
column j indicates units of type i were followed by 
units of v.ypc j, n imes in the passage. Blank 
space is ignored. 
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b. The sum of the entries in the shaded area represents 
the aumber of shifts between messages requiring 
only reception and messages requiring responses. 

in the passage analyzed in the above matrix there 
was only one such shift, from category 10 to 
category 7. 

c. Lntries on the diagonal of the matrix represent 
numbers of successive repetitions of catngories. 
The 16 in position (3,3) and the 35 in position 
(7,7) indicate that the passage analyzed in the 
above matrix consisted mainly of examples (category 
3) and comprehension exercises (category 7). 

d. Off diagonal entries in area A represent shifts 
between expository categories. There were four 
such shifts in the passage analyzed in the above 
matrix. 

c. Off diagonal entries in area B represent shifts 
between categories requiring responses. In the 
passage analyzed there were four such shifts, all 
between directions (category 5) and comprehension 
type exercises (category 7) . 

f. Rows 2, 6, 8, and 9 contain all zeros, indicating 
that in the passage analyzed no generalizations 
were made, there were no developmental exercises, 
and no exercises or problems requiring application 
or higher mathematical processes. 



58 



Dimension 2 
Categories 
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Figure 7 

Dimension 2 Interaction Matrix for Illustrative Passage 

The notes which follow describe the dimension 2 inter- 
action matrix given in Figure 7. 

a. Entries in this matrix are in terms of weights. 
Entry n in row i and column j indicates units of 
type i were followed by units of type j , n times 
in the passage. Blank space is ignored. 

b. The sum of the entries in the shaded area of the 
matrix represents the number of shifts between 
written materials and illustration. In the passage 
analyzed in the above matrix there were 10 such 
shifts . 

c. Entries on the diagonals represent numbers of 
successive repetitions of categories. The 29 in 
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position (1,1) and the 18 in position (3,3) 
indicate that the majority of the material con- 
sisted of word messages (category 1) and illustra- 
tive representations of abstract ideas (category 3) 

d. Off-diagonal entries in area A -represent shifts 
between symbols and words within the written 
message. There were 10 such shifts in the passage 
analyzed above. 

e. Off-diagonal entries in area B represent shifts 
between types of illustrations. There were no 
such shifts in the passage analyzed above. 

To analyze interactions between dimensions of the CMMT 
category system, a 10 x 7 matrix is used. The between 
dimension interaction matrix for the passage coded on page 
21 is given below. 

Dimension 1 
Categories 



Dimension 2 
Categories 
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0 



Figure 8 

Between Dimension Interaction Matrix for Illustrative Passag( 
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The following notes describe the between dimension 
interaction matrix given in Figure 8. 

a. lintries in this matrix are made in terms of weights, 
Hntry n in row i and column j indicates units of 
type i on dimension 1 were of type j on dimension 

2, n times in the passage. 

b. Entries in area A show the presentation mode used 
for the exposition. The matrix above shows that 
the exposition in the passage analyzed consisted 
of four units of definition presented in words 
(row 1), 18 units of specific explanation presented 
in words, symbols, and illustrations (row 3) and 
two units of general explanation in words (row 4). 

c. Entries in area B show the presentation mode used 
for exercises and problems. The matrix shows that 
in the passage analyzed four units were word direc- 
tions (row 5) and 38 units were comprehension 
exercises presented in words, symbols, and illus- 
trations (row 7) . 

Proportions 

The list and the matrices are used to describe sequen- 
tial aspects of mathematics passages. Proportions computed 
in terms of the weights of the various messages are used to 
describe quantitative aspects of the organization of 
passages. The defining formulas for the proportions are 



61 



given below. In the defining formulas, c . = the number of 

n , 1 

units devoted to category i on dimension n. 

Proportion of blank space in total passage. 

/i 0 

I 

0 



1 >o/ 0 1 »i 



Proportion of category j in non-blank material dimen- 
sion 1/ 

fl 0 



Proportion of category j in non-blank material dimen- 
sion 2. 



Proportion of exposition in non-blank material. 

/lO 

I c . / y c . 

Proportion of content development in non-blank material 

\ / 10 



y c . + c / y c . 



Proportion of exercises in content development. 



1 , 6 



y c . + c 

t i.ej 



l^roportion of exposition in content development 



y c . / y c . + c 

^ Hfl/ 1,1 1, 
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Proportion requiring responses in non-blank material. 

9 /I 0 

Proportion of mathematics illustration in non-blank 
material . 




Proportion of illustration in non-blank material. 

The proportions computed for the illustrative passage 
coded on page 21 are given in Table 1. 

The proportions in Table 1 indicate that in the passage 
analyzed the non-blank material consisted mainly of specific 
explanation or examples (category 3 of dimension 1) and com- 
prehension exercises (category 7 of dimension 1). Slightly 
over one-half of the material consisted of word messages 
(category 1 of dimension 2), about one-third consisted of 
abstract illustrations (category 3 of dimension 2), and the 
remainder consisted of mathematical symbols (category 2 of 
dimension 2). The passage can be characterized as consist- 
ing of about one-third exposition and about two-thirds 
exercises .^nd problems. All of the content development 
material was presented in an expository manner. 

A computer program was written to do the work of deriving 
the CMMT analysis for a passage from a rater's codings. The 
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Table 1 

CMMT Proportions for Illustrative Passage- 



Proportion of blank space in total passage .409 



Proportion of each category in non-blank material* 



Category 


Dimension 1 


Dimension 2 


1 


.060 


.537 


2 


.000 


.119 


3 


.269 


.343 


4 


.030 


.000 


5 


.030 


.000 


6 


.000 


.000 


7 


.552 


.000 


8 


.000 




9 


.000 




10 


.030 







Proportion of exposition in non-blank material 


.358 


Proportion of content development in 
non-blank material 


.358 


Proportion of exercises in content development 


.000 


Proportion of exposition in content development 


1.000 


Proportion requiring responses in non-blank 
material 


.612 


Proportion of mathematics illustration in 
non-blank material 


.343 


Proportion of illustration in non-blank material 


.343 
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output of this program includes the list, the matrices, and 
the proportions for the analyzed passages. The Fortran 
statements for the program and data set up for u'-ing it are 
included in Appendix E. 

A Method of Estimating Rater Reliability 
A method of estimating the reliability of raters using 
the CMMT technique has been adapted from a method of estima- 
tion used in interaction analysis (Flanders, 1960, p 161). 
This method first proposed by Scott (1955), is based on an 
adjusted proportion of agreement between raters. The estimate 
can be made whenever two or more raters code the same passage. 
It is relatively easy to compute and interpret. Thus, the 
estimate is more practical than other possible reliability 
coefficients based on analysis of variance or on correla- 
tional procedures . 

Scott's coefficient is called "pi" and is determined by 
the formula 



Pq is the proportion of agreement between two raters. is 
the proportion of agreement between two raters expected by 
chance which is found by squaring the proportion of classifi- 
cations made by the raters in each category and summing 
these over all categories. That is, 

e ^ 1 * 
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where is the proportion classified as category i out of k 
categories. The coefficient tt can be expressed in words as 
the amount that two observers exceeded chance agreement 
divided by the amount that perfect agreement exceeds chance. 

When determining a between-rater reliability estimate 
for more than two raters, the Scott coefficient is determined 
for each pair of raters and the average of all such pairs is 
taken as the reliability estimate. When investigating the 
reliability of raters using the CMMT technique, an estimate 
is made for each dimension of the category system. The com- 
putational formulas are given in Figure 9. 



Reliability Estimate 
for Two Raters on 
Dimension n. 


P ' P 
- 0 e 

^n " 1 - P 

e 


Proportion of Agree- 
ment between Two 
Raters on Dimension n. 


(Number of agreements on 
p _ dimension n) 
0 (Total number of messages] 


Proportion of Agree- 
ment lixpected by 
Chance between Two 
Raters on Dimension n. 


P^ = p/ where 
e 1 

(Number of dimension messages 
classed as i by first rater 
plus the number classed as i 
p - by second) 


i 2 (total number of messages) 



a. Blank space (category 0) is ignored in reliability 
computations . 



b. For more than two raters compute all pairs of coeffici- 
ents and average. 

Figure 9 

Method of Computing between- rater Reliability Estimates. 
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The Scott coefficient for estimating reliability may be 
used to determine a within-rater reliability coefficient by 
computing the proportion of the time a rater agrees with 
himself on two trials separated by a period of time. A Scott 
coefficient of .85 or above is considered to be a reasonable 
level of performance for raters using interaction analysis 
(Flanders, 1960, p 166). Acceptable levels of performance 
using the CMMT technique will have to be determined by 
research. The computer program found in Appendix F is used 
to compute Scott coefficients from the ratings of observers. 
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CHAPTER IV 
PROCEDURES FOR THE EMPIRICAL STUDIES 

The main purposes of the empirical studies were 

1. To investigate the validity of the CMMT technique 
as a means of studying the organization of mathe- 
matics text . 

2. To investigate the reliability of raters trained 
in the use of the CMMT technique. 

This chapter is devoted to describing the procedures which 
were used to achieve each of these purposes. 

The Validity Study 

Validity was studied in both a descriptive and a statis 
tical manner. A number of passages were chosen from mathe- 
matics textbooks and submitted to CMMT analysis by the inves 
tigator. These passages were used to demonstrate how CMMT 
analysis may be used to describe the organization of mathe- 
matics text. The data from the CMMT analyses were also 
submitted to correlational analysis and to analysis of vari- 
ance in order to show further evidence of validity of the 
CMMT technique. 

The specific validity objectives were 

1. To demonstrate that CMMT analysis can be used to 
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dcscrihc the organization of existing mathematics 

text passages. I 

2. To demonstrate that CMMT analysis reflects similari- j 
ties and differences between passages • \th known 
organizational similarities and differences. 

3. To determine if CMMT analyses of entire sections of 
textbooks can be closely approximated by sampling a 
small number of CMMT sample passages • 

4. To determine if the CMMT analyses of passages 
sampled within the same textbook are more closely 
related than the CMMT analyses of passages sampled 
from different textbooks. 

5. To determine if the data obtained from CMMT analysis 
may be used to identify significant differences in 
organization between different mathematics textbooks. 

The Materials Studied 
The CMMT technique was designed to be applied to mathe- 
matics materials at approximately grade levels 4 through 12. 
Hence, questions of validity needed to be studied at a range 
of grade levels using various mathematical topics. The 
materials used in the study were grouped into thr^e sets. 

The levels and corresponding topics for each set were i 

I 

Set 1. Upper Elementary Materials (grades 4-6) 

Arithmetic, Geometry, Introductory Algebra. ' 
Set 2. Junior High School Materials (grades 7-9) 

Arithmetic, Algebra, Geometry, Probability. 
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Set 3. Senior High School Materials (grades 10 - 12) 
Algebra, Geometry, Trigonometry, Algebraic 
Structure . 

Twelve textbooks were chosen on a rational basis to 
obtain samples of all the topics and levels indicated above, 
liight of the twelve textbooks were published by eight differ- 
ent commercial publishers. The other four books were written 
by fcur different mathematics curriculum groups. This 
selection procedure was used to insure coverage of a variety 
of topics, levels, and text types. No attempt was made to 
generalize about a particular publisher's or study group's 
textbooks in this study. 

The textbooks studied were: 

Set 1: Bl. Elementary School Mathematics , Book Four, 

by Eicholz and O'Daffer, C 1968 by 

Addison-Wesley Publishing Company. 

(Grade level 4) 
B2. Learning Mathematics ^ by Deans, et al., C 

1368 by the American Book Company. 

(Grade level 5) 
B3. Exploring Elementary Mathematics , Five , 

by Keedy, et al . , C 1970 by Holt, 

Rinehart and Winston, Inc. 

(Grade level 5) 
B4. Six, Modern School Mathematics , by Duncan, 

et al., C 1967 by Houghton Mifflin Company. 

(Grade level 6) 
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Set 2: B5. Secinti Tiirough Mathematics , Book One, 

by Van Engen, et al., C 1962 by Scott, 
Foresman and Company. 
(Grade level 7) 

B6. Mathematics for Junior High , Volume 2, 

Part II , by the School Mathematics Study 
Group, C 1961 by Yale University Press. 
(Grade level 8) 

B7. Unified Modern Mathematics . Couue II, 

Part I^, from the Secondary School Mathe- 
matics Curriculum Improvement Studv, C 
1969 by Teachers College, Columbia University 
(Grade level approximately 8) 

B8. Contemporary Algebra , Book One , by Smith, 
et al., C 1962 by Harcourt, Brace and 
World, Inc. 
(Grade level 9) 
Set 3: B9. Book Six, Relations, from the Comprehensive 
School Mathematics Program, C 1971 by 
CEMREL, Inc. 

(Grade level approximately 10) 
BIO. High School Mathematics , Unit 6, Geometry , 
by the University of Illinois Committee on 
School Mathematics, C 3.960 by University 
of Illinois Press . 
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Bll. Contemporary Algebra , Second Course , by 
Mayor and Wilcox, C 1965 by Pr*^ntice- 
Hall, Inc. 
(Grade level 11) 
B12. Algebra with Trigonometry , by Fehr, et al . , 
C 1963 by D. C. Heath and Company. 
(Grade level 12) 
From each of these twelve textbooks one experimental 
section was selected on a rational basis to cover the topics 
listed above for the various sets of material. The experi- 
mental sections, including 99 passages covering 310 pages, 
served as data sources for the study of the validity objec- 
tives. The sections and corresponding topics are listed 
below . 

1:51. Arithmetic 

(Chapter 3 of Bl: Multiplication and Division, 
14 passages, pages 72-87) 
iiS2 . Geometry 

(Chapter 7 of B2: Geometry, 9 passages, pages 
229-242) 
ESS. Arithmetic 

(Chapter 2 of B3: Addition and Subtraction, 
13 passages, pages 31-51) 
ES4. Introductory Algebra 

(Chapter 5 of B4: Statements, 11 passages, pages 
130-141) 



nSS. Arithmetic 

(Unit 7 of B5: The Rational Numbers of Arithme- 
tic, 9 passages, pages 308-327) 
iiS6. Probability 

(Chapter 8 of B6: Probability, 6 passages, 
pages 311-345) 
l;S7. Geometry 

(Chapter 3 of B7: An Introduction to Axiomatic 
Affine Geometry, 6 passages, pages 120-173) 
rS8. Algebra 

(Chapter 4 of 118: Operations with Algebraic 
Expressions, 11 passages, pages 119-135) 
ES9. Algebraic Structure 

(Chapter 2 of B9: Ordered Pairs and Relations, 
4 passages, pages 27-69) 
HSIO. Geometry 

(Section 6.07 of BIO: Similarity, 5 passages, 
pages 6-179 to 6-218) 
ESll. Algebra 

(Chapter 7 of Bll: Exponents and Radicals, 
10 passages, pages 201-216) 
ESI 2. Trigonometry 

(Chapter 12 of B12: Trigonometric Functions, 
7 passages, pages 427-448) 
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A focus passage representing a specific instance of the 
topics and levels to be studied was chosen on a rational 
basis from each of the twelve experimental sections. Some 
of these passages served as data sources for studying hov* 
CMMT analysis could be used to describe the organization of 
existing text. Others provided the mathematical material 
from which pairs of passages were contrived for studying 
how CMMT analysis can be used to compare similar passages. 
The focus passages were also used as practice and criterion 
passages in the reliability study discussed in the next 
section. The various focus passages and corresponding topics 
arc listed below. 

FPl. Division and Sets 

(Page 73 of Bl) 
FP2. Circumference 

(Pages 231-233 of B2) 
FP3. Commutative Property of Addition 

(Page 32 of B3) 
FP4. Using Equations and Inequalities 

(Page:> 136-137 of B4) 
FP5. Multiplication of Rational Numbers 

(Pages 324-325 of B5) 
FP6. Probability of A or B 
(Pages 528-332 of B6) 
FP7. Some Logical Consequences of the Affine Axioms 
(Pages 128-135 of B7) 
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1-P8. lixpressions with Grouping Symbols 

(Page 132 of B8) 
I-P9. Cartesian Products and Relations 
(Pages 47-53 of B9J 
I-PIO. Mean Proportional and the Pythagorean Theorem 

(Pages 6-203 to 6-207 of BIO) 
FPU. Fractional Exponents 

(Pages 210-211 of Bll) 
FP12. Extending the Abs and Ord Functions 
(Pages 431-432 of B12) 
From each of six focus passages a pair of contrived 
passages was written. Each contrived passage covered the 
same mathematical material as the focus passage on which it 
was based. The passages in a contrived pair were written 
following different organizational plans and were approxi- 
mately the same length. The twelve contrived passages were 
used to study how QIMT analysis reflects similarities and 
differences between passages with known organizational 
similarities and diiferences. The organizational plans 
followed i constructing the contrived passages are listed 
next . 
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1. Plans of the contrived passages based on FP2- 



CP2a: 



CPZb 



Dimension 1: 



Dimension 2 



Dimension 1 



High proportion of develop- 
mental exercises. 

Low proportion of explanation. 

Integration of exercises with 
expository. 

Other aspects constant with CP2b 

Constant with CP2b. 

No developmental exercises 
High proportion of explanation. 
Exposition separated from 

exercises . 
Other aspects constant with CP2a 



Dimension 2: Constant with CP2a. 
2. Plans of the contrived passages derived from FP4. 



CP4a: 



Dimension 1: 



High proportion of examples. 
Low proportion of general 
explanation. 



Dimension 2: Use of motivational illustration 
Other aspects constant with CP4b. 



Dimension 1: 



(;P4b 



No examples. 

High proportion of general 
explanation. 



Dimension 2 



: / Use 
I ti 



of mathematical illustra- 



ons 



Other aspects constant with CP4a. 
3. Flans of contrived passages derived from FP6. 
Dimension 1: Constant with CP6b. 



CP6a: 



CP6b 



Dimension 2: 
Dimension 1 : 
Dimension 2: 



High proportion of symbols and 

illustrations . 
Low proportion of words. 

Constant with CP6a. 

Low proportion of symbols and 

illustrations . 
High proportion of words. 
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4. Plans of contrived passages based on FP7 
Dimension' 1 : 



^ CP7a: - 



General explanation followed 
by generalization sequences 
Other aspects constant. 



c:P7b 



Dimension 2 
Dimension 1 



Constant with CP7a. 

Generalization followed by 

general explanation sequences. 
Other aspects constant. 



Dimension 2: Constant with CP7a. 
5. Plans of contrived passages based on FP9, 



CP9a: 



CP9b 



Dimension 1 



Dimension 2 



Dimension 1 



Low proportion of definition, 
generalization, and general 
explanation. 

High proportion of examples. 

Exercises integrated with 
exposition. 

Constant with CP9a. 

High proportion of definition, 
generalization, and general 
explanation. 

Low proportion of examples. 

Exposition separated from 
exercises . 



Dimension 2: Constant with CP9b. 
6. Plans of contrived passages based on FP^'O. 



f 



CPlOa; 



Dimension 1: 



High proportion of exposition. 
Low proportion of exercises 
and problems. 



Dimension 2: { I' lus trations grouped separate 
( f : om written text. 

Other aspects constant with CPlOb. 



CPlOb 



r Low proportion of expositi 
Dimension 1: -j High proportion of exercis 
[ and problems. 



on. 

es 



Dimension 2: / Illustrations integrated wi 
I written text. 

Other aspects constant with CPlOa. 



th 
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The choice of the organizational plans followed in the 
preparation of a given contrived pair of passages was made 
on a rational basis depending on the related focus passage. 
For example, if the focus passage cent xned mostly manipula- 
tive algebraic material no attempt was made to contrive 
passages with differing illustrative material. Thus, the 
material in the focus passages limited to some extent the 
organizational variables which could be manipulated in the 
contrived passages. No attempt was made in this study to 
exhaust or even adequately sample all possible organizational 
variables which could be investigat' d. The contrived 
passages served only to demonstrate the feasibility of using 
CMMT analysis to describe the organization of passages. 

The chart in Figure 10 summarizes the selection and 
preparation of the materials used in the validity portion 
of the study. The labeling scheme used here for materials 
will be used throughout the remaining chapters to refer to 
materials. ^ 

Method of Studying the Materials 
All of the materials described in the previous section 
were submitted to CMMT analysis by the investigator. These 
analyses were used to attain the validity objectives given 
on page 2. 

The focus passages FPl , FP3 , FP5, FP8, FPU, and FP12 
were used to demonstrate that CMMT analysis can be used to 
describe the organization of mathematics p^:ssages. These 
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lixisting Textbooks 



(Twelve books of various types selected with 
four books corresponding to each set level.) 



Twelve Textbooks 
Set 1 (grades 4-6) : Bl - B4 
Set 2 (grades 7-9) : B5 - B8 
Set 3 (grades 10-12): B9 - B12 






(One section from each textbook selected 
correspond to various topics.) 


Twelve Experimental Sections 




Set 1: ESI - ES4 
Set 2: ESS - ESS 
Set 3: ES9 - ES12 




(One focus passage selected from each 
experimental section . ) 



Twelve Focus Passages 
Set 1: FPl - FP4 
Set 2: FP5 - FP8 
Set 3: FP9 - F. 12 



(Pairs of contrived passages corresponding 
to FP2, FP4, FP6, FP7, FP9 , and FPIO prepared 
following opposing plans of organization.) 



Twelve 


Contrived Passages 






Set 1: 


CP2a, CP2b, CPia, 


CP4b 




Set 2: 


CP6a, CP6b, CP7a, 


CP7b 




Set 3: 


CP9a, CP9b, CPlOa 


, CPlOb 





Figure 10 

Materials Used in the Validity Study. 
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passages arc included in Appendix C. The CMMT analyses of 
these passages were studied in detail. The manner in which 
the analyses reflected the organization of the passages is 
discussed in Chapter 5. 

Tlie CMMT analyses of the contrived passages were com- 
pared and contrasted to see how they reflected the organiza- 
tional plans of the passages. The manner in which the CMMT 
analyses described the planned similarities and differences 
between the contrived passages in each pair is discussed in 
detail in the next chapter. The contrived passages are 
included in Appendix D. 

To determine if CMMT analyses of entire sections of 
textbooks can be closely approximated by sampling a small 
number of CMMT sample passages, successive correlations were 
made between each entire experimental section and increas- 
ingly larger random samples of passages from the same section. 
I'or these correlations, 25 items of data readily available 
from the CMMT analyses of the entire sections and the samples 
were useu. These items of data are listed below. 

1. The average number of non-zero entries in the 
dimension 1 interaction matrices. 

2. The percentage of off-diagonal entries in the 
dimension 1 int(3raction matrix. 

3. The percentage of shifts between exposition and 
exercises in the dimension 1 interaction matrix. 
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4. The average number of non-zero entries in the 
dimension 2 interaction matrices. 

5. The percentage of off-diagonal entries in the 
dimension 2 interaction matrix. 

6. The percentage of shifts between written and 
illustration in the dimension 2 interaction matrix. 

7. The average number of non-zero entries in the 
between-dimension interaction matrices. 

8. The percentage of blank space. 



9. 

is! 

19. 
25. 



The percentage in each category (1 - io) on 
dimension 1. 



The percentage in each catrgory (1 - 7) on 
dimension 2. 



The following procedure was used in making these 
successive correlations. A passage was selected at random 
from a given section and the above data from the CMMT analysis 
of the entire section was correlated with the corresponding 
data for the passage. Then another passage was randomly 
selected from the remaining passages in the section, combined 
with the first passage for CMMT analysis and the same corre- 
lational procedure was repeated. The process was continued 
until all passages in the section were sampled. It was 
determined how many passages it was necessary to sample in 
order to reach and maintain correlations of .90 and .95 
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between the sample and the entire section. The entire 
procedure was repeated for each of the twelve experimental 
sections . 

To determine how closely the CMMT analyses of passages 
sampled within the same textbook are related, each passage 
in an experimental section was correlated with each other 
passage in the section using the 25 items of CMMT data listed 
above. The average of these within- textbook correlations 
was computed for each experimental section. A test sug- 
gested by Ostle (1963, p. 227) was used to test for signifi- 
cant differences among the twelve average within-textbook 
correlations . 

In addition, the average correlation between all possi- 
ble pairs of twelve passages, one chosen at random from each 
experimental section, was computed using the 25 items of 
CMMT data. This average between- textbook correlation was 
compared with each of the twelve within-textbook average 
correlations to determine if the within-textbook passages 
correlated significantly higher than the between-textbook 
passages. The test mentioned above was also used for 
making these comparisons. 

To determine if the data obtained from CMMT analysis 
could be used to identify significant differences in 
organization between different textbooks, an analysis 'of 
variance model was used. The variables investigated in 
this manner were variables which could be readily obtained 
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from the CMMT analyses of the passages. These variables 
were chosen to represent the types of CMMT variables it is 
possible to study. They do not exhaust all possible CMMT 
v.-jriables which could be investigated. The sixteen variables 
which were investigated are listed next. 

1. Total units per passage. 

2. Number of non-zero entries in the dimension 1 
interaction matrix per passage. 

3. Percentage of off-diagonal entries in the dimension 

1 interaction matrix per passage. 

4. Percentage of shifts between exposition and exer- 
cises per passage. 

5. Number of non-zero entries in the dimension 2 
interaction matrix per passage. 

6. Percentage of off-diagonal entries in the dimension 

2 interaction matrix per passage. 

7. Percentage of shifts between written and illustra- 
tion per passage. 

8. Number of non-zero entries in the between dimension 
interaction matrix pep passage. 

9. Percentage of biafiK space per passage. 

10. Percentage of exposition per passage. 

11. Percentage of content development per passage. 

12. Percentage of activities in content development 
per passage. 

13. Percentage of exposition in content development 
per passage. 
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14. Percentage requiring responses per passage. 

15. Percentage of mathematical illustration per passage, 

16. Percentage of illustration per passage. 

Hach of the above variables was submitted to a one-way 
unequal cell analysis of variance as illustrated in Figure 
11 (Winer, 1962, pp. 96-104). In this design, passages 
within textbooks are used in place of the more typical 
subjects within treatments. Thus, in the analysis of 
variance MSj^^^^^^^ treatment interpreted as 
^'\etween textbooks ^^ithin treatments interpreted 

^^wichin textbooks- ^^^^ significant O'.fferences were 
found between the experimental textbooks on a given vari- 
able, the Numan-Keuls Sequential Range Test (Winer, 1962, 
p. 80) was used to obtain an ordering :;'f the textbooks on 
the variable. 





Bl 


B2 


B12 




X 


X 

1 >2 




X 

1,12 


Variable m 


X . 


X. 




X. 

1,12 




X 

13,1 


X 

9 , 2 




X 

7,12 



X. . = variable m CMMT score on 
passage i of textbook Bj . 



Figure 11 

Analysis of Variance Design for Identifying Differences 

between Textbooks. 
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The Reliability Study 

To study the reliability of raters trained in the use 
of the CMMT technique, a rater training booklet and a booklet 
of criterion passages were prepared. The materials for these 
booklets were drawn from the validity materials described in 
a prev ious sect ion . Three groups of sub j ects studied the 
training booklet individually and on two occasions coded the 
passages in the criterion booklet. These passages were 
scored in terms of the proportion of agreement of each sub- 
ject with the most frequent ratings of the meassages- A 
repeated measures analysis of variance model was used to 
analyze the differences between groups and between the 
rating difficulties of the criterion passages. The five 
.->uhject3 in each group who received the highest scores were 
considered proficient in applying the CMMT technique and 
were defined as experts in their groups. Within- and 
between- rater reliability coefficients were determined for 
th.' experts in each group. 

The specific reliability objectives were : 

1. To determine if there are significant differences 
between groups of raters with differing academic 
background and experience. 

2. To determine if there are significant differences 
in the level of rating difficulty between different 
t>pes of passages. 
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3. To determine between- rater reliability coefficients 
io^raters who obtained proficiency in the CMMT 
technique . 

1. To determine within-rater reliability coefficients 
for raters who obtained proficiency in the CMMT 
technique . 

5.. To determine a reliability esti'nate for ratings 
made by the investigator in the validity portion 
of the study. 

Materials 

A training booklet was written for subjects to use in 
trainirg themselves in the use of the CMMT technique. The 
booklet consisted of an introduction to the CMMT categories, 
tliorough descriptions of the categories, procedural sugges- 
tions for applying the CMMT system, and many-keyed practice 
passages. Descriptive material in the training booklet was 
based on the developmental work discussed in Chapter 3. The 
[M-acticc passages included were selected from the textbooks 
studied in the validity portion of the study and represented 
a range of subject matter and grade levels. Each practice 
passage was followed by a coded version of the passage so 
that subjects could obtain some feedback as they learned the 
system. A copy of the training booklet is included in 
Appendix A. 

The booklet of criterion passages, included in Appendix 
H, consisted of si.c partitioned passages to be coded by the 
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subjects. Three of the six criterion passages were focus 
passages FPl , FP8, and FPIZ of the validity study. The 
other tliree criterion passages wore contrived passages 
CVZhy CP6a, and CPlOb. One focus passage and one criterion 
passa^;o corresponded to each of the three levels of materi- 
als studied in tlie validity study. The criterion passages 
ranged in subject matter over arithmetic, algebra, geometry, 
probability, and trigonometry. None of the criterion 
passages was taken from the same experimental section as 
practice passages used in the training booklet. The order 
in which the criterion passages appeared was randomized for 
each booklet. This was done to avoid any possible order 
effect in the analysis of passage rating difficulty. 

Subjects 

Three groups of subjects from different populations 
were used as CMMT raters in the reliability study. The 
groups were 

Group 1. Doctoral students and faculty members in 

mathemati cs education . 
Group 2. Experienced secondary mathematics teachers 

with or near a Master's degree. 
Group 3. University seniors preparing to become 

teachers of secondary mathematics. 
Subjects in group 1 consisted of people working in 
irathematics education or recent graduates in mathematics 
education from Purdue University, the University of Georgia, 
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and California State Polytechnic College. Subjects in 
group 2 consisted of members of Purdue University's 1971 
N\. S.I'. Summer Institute for secondary mathematics teachers. 
Subjects in group 3 consisted of Purdue students in educa- 
tion 304S which is a course in the metho.s of teaching 
secondary school mathematics offered during the professional 
semester of the senior year. All subjects participated on 
aji invited basis. There were 15 subjects in each group. 

Design of the Reliability Study 
I;ach group of subjects used the training booklet to 
learn the use of the CMMT technique. Subjects were directed 
to triin themselves by studying the booklet. After this 
sel f- training , subjects were directed to code the criterion 
passages on two different occasions separa^.ed by an interval 
or at least four weeks. Subjects worked individually and 
were instructed to spend a maxiiaum of four ho^^rs on the 
training booklet and one hour on each rating of the criterion 
passages. Subjects were allowed the use of the training 
booklet for reference during the rating of the criterion 
passages. The experimental procedure is illustrated in 
Figure 12. 

Method of Analyzing the Reliability Data 
To obtain between- rater scores, each subject's criterion 
passages for trial 1 were scored in terms of the proportion 
of agreement with criterion scores based on the most frequent 
classifications of the messages in these passages. To 
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Subj ccts 


Subjects 

i nd i vi dua 1 1/ 

trained 

using the 

training 

booklet . 


Trial 1: 
Subjects 
rated 
criterion 
passages , 


I'Our 
week 
waiting 
period . 


Trial 2; 
Sub j ects 
rated 
criterion 
passages 
again , 


(■roup 1 

15-> 






P 





15-^ 










Group 3 

15-^ 






/ 

/ / J 





Figure 12 

Experimental Procedure for the Reliability Study. 



obtain within-rater scores each subject^s criterion passages 
were also scored in terms of" the propor^iion of messages 
rated the same on both trials. In addition to an overall 
score of each type, a between- and within-rater score on 
each CMMT dimension was obtained for each subject on each 
passage. A computer program was written to score the cri- 
terion passages and to compute the KR20 reliability coeffi- 
cient for each CMMT dimension of each passage. This program 
is included in Appendix G. 
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To assess differencos between groups and between the 
rating difficulty of passages on each of the CMMT dimensions 
in terms of each scoring procedure, four repeated measures 
analyses of variance were performed. The design for these 
analyses of variance which is given in Winer (1962, pp. 302- 
7>18) is illustrated in Figure 13. Appropriate a posteriori 
tests were made when differences among means were found. 





Passages 


Level 1 


Level 2 


Level 3 


Subj ects 


FPl 


CP2b 


FP8 


CP6a 


FP12 


CPlOb 


Group 1 

15-^ 














("•roup 2 

15-^ 














Group 3 

15-^ 















Level 1 (grades 4 - 6) . 
Level 2 (grades 7 - 9) . 
Level 3 (grades 10 - 12) . 

Analysis 1: Dimension 1 between-rater scores. 
Analysis 2; Dimension 2 between-rator scores. 
Analysis 3: Dimension 1 within-rater scores. 
Analvsis 4 : Dimension 2 within- rater scores . 

Figure 13 

Analysis of Variance Design for Assessing Passage Rating 
Difficulty and Differences between Groups. 
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For a number of reasons, high levels of performance 
were not expected of all subjects. Subjects could not be 
expected to be highly motivated in this situation. They 
were not required to spoiid a great deal of time training 
considering the complexity of the task. Further they had 
no opportunity to ask questions or v.o receive any other 
type of live feedback. Hence, it was not expected that 
all subjects would become proficient in the technique with 
the training they received. Ii: order to estimate reliabil- 
ity, subjects obtaining proficiency were needed. In an 
attempt to obtain such subjects, the top five subjects in 
each group were selected on the basis of average overall 
first trial scores. These experts from the respective 
groups were used to determine reliability estimates. 

Between- and within-rater reliability coefficients for 
each group of experts were determined for each criterion 
passage on each dimension of the CMMT system. This was done 
by computing the average Scott reliability coefficients 
described in Chapter 3 for each group of experts and each 
passage. A summary of all reliability coefficients computed 
for each group of experts on each passage is given in 
Figure 14. 

To complete the reliability study a check was made of 
the reliability of the investigator. This was done by 
computing the proportion of agreement between the investiga- 
tor and the between- rater criterion ratings on each criterion 



91 





Between-rater 


Within-ratcr 


Scott 
Coefficients 


Dimension 1 


■ t . Ill 

10 


5 

V TT 

k=l 

10 


Dimension 2 


I • 

i<3 


5 

k^l 


10 


10 



TT . . = between-rater Scott coefficient for dimenv^ijcm ir and 
expert pair (i , j ) . 

TT^j^ = within-rater Scott coefficient for dimension m and 
expert k. 



Figure 14 

Summary of Reliability Coefficients Computer for Each Group 
of lixperts on Each Critericii Passage. 

passtiijc. A Scott reliability coefficient was also computed 
between the investigator and the criterion ratings on each 
criterion passage. These coefficients vere used to infer 
the reliability of the ratings made by the investigator in 
the validity study. 
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CHAPTER V 
RESULTS OF THE EMPIRICAL STUDIES 

This research concerned the development of the CMMT 
technique for studying presentation variables in mathematics 
text. The purpose of tho empirical studies was to investi- 
gate the validity and reliability of the CMMT technique. 
The results of these studies are presented in this chapter. 

Results of the Validity Study 
The validity results are both descriptive and statisti- 
cal in nature. The descriptive results illustrate how CMMT 
analysis may be used to describe and compare mathematics 
text passages. The statistical results concern the number 
of passages which provide an adequate sample from a textbook 
section for CMMT analysis, correlational comparisons of the 
CMMT analyses of passages within and between textbooks, and 
the identification by CMMT analysis of presentation variables 
on which textbooks can be differentiated. 

Descriptive Results for the Focus Passages 
In order to illustrate how CMMT analysis may be used to 
describe mathematics text passages, focus passages FPl , FP3, 
FP5, FP8, FPU, and FP12 are presented in detail. These 
passages are included in Appendix C. In this section, a 
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short description oT the level and content of each of the 
passages is given. Hach description is followed by the CMMT 
analysis of the passage described, which in turn is followed 
1/ a brief discussion of what the analysis shows. 

Focus Passage FPl . This passage dealt with the rela- 
tionship between sets and division at the Fourth grade level. 
It was a one page passage consisting of two simple examples 
of how division may be interpreted in. terms of sets, followed 
by a set of exercises quite similar to the examples. The 
CMNi analysis of focus passage FPl is given in Table 2. 



Table 2 



CMMT Analysis of Focus Passage FPl. 



List. 



Dim. 1 Dim. 2 



Weight 



Exposition - 



Example followed 
bv definition. 



Heading 



Example followed 
by definition. 



Heading 



Intro. Statement 



10 
0 
4 
0 
3 
3 
3 
0 
1 

■ 0 

■ 3 
3 
3 
0 
1 
0 

10 
0 



2 
0 
1 
0 
1 
0 



2 
0 
1 
0 
1 



1 
0 
1 
0 
1 



3 - 



3 - 



Word, 4 
illustration, 4 
symbol sequence. 1 



Word, 4 
illustration, 4 
symbol sequence. 1 



2 
2 
1 



2 
2 
5 
1 
7 



1 

3 
2 
2 
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Tabic 2. cont. 



Lxcrcises - 



lixcrcisc 

hxcrcisc 
I)i rcctions 
lixcrci sc 

Hxcrcisc 
Di rcctions 
lixcrcisc 

Hxcrcisc 



7 
7 
0 
7 
7 
0 
5 
0 

i I 

L 7 
0 
7 
7 
5 
7 
7 
0 
7 
7 
0 



1 

2 

0 
1 
2 
0 
1 
0 
3 
2 
0 



Wo rd , 
symbol 

_ Word, 
symbol 



|_ Illustration, 



symbc 1 



{ 



3 I Illustration, 
2 J symbol. 
1 



1 1_ Word, 

2 J 



symbol 



1 1 Word, 

2 J symbol. 



Dimension 1 interaction matrix. 

Dimension 1 Categories 



Dimension 1 
Categories 



7 
1 
6 
5 
I 
6 
2 

5 
1 

5 
1 
2 
2 
1 
1 
2 
1 
1 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 




0 


1 


0 


0 


0 


0 


0 


0 


0 






















0 


2 


0 ' 




0 


0 


0 


0 


0 


0 


0 


3 


2 


0 




0 


0 


0 


0 


0 


0 


0 


4 


0 


0 


1 




0 


C 


0 


0 


0 


0 


S 


0 


0 


0 


0 




0 


2 


0 


0 


0 


6 


0 


0 


0 


0 


0 




0 


0 


0 


0 


















B 






7 


0 


0 


0 


0 


2 


0 




0 


0 


0 


8 


0 


0 


0 


0 


0 


0 


0 




0 


0 


9 


0 


0 


0 


0 


0 


0 


0 


0 




0 


10 


0 


0 


0 


1 


0 


0 


1 


0 


0 
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Tabic 2, cont. 



Dimension 2 interaction matrix* 



Dimension 2 Categories 







1 


2 


5 


4 


5 


6 


7 






X 




3 


0 


0 


0 


0 




2 








V 


0 


0 


0 


Dimension 2 


3 


0 


5 




0 


0 


0 


0 


Categories 


4 
5 


0 
0 


0 
0 


0 
0 


0 


0 


0 

B 

0 


0 
0 




6 


0 


0 


0 


0 


0 




0 




7 


0 


0 


0 


0 


0 


0 





Between dimension inteiaction matrix 
Dimension 2 Categories 



Dimension 1 
(iategories 





1 


2 


3 




4 


5 


6 


7 


1 


4 


0 


0 




0 


0 


0 


0 


2 


0 


0 


0 




0 


0 


0 


0 










A 










3 


8 


2 


8 




0 


0 


0 


0 


4 


2 


0 


0 




0 


0 


0 


0 


5 


4 


0 


0 




0 


0 


0 


0 


6 


0 


0 


0 




0 


0 


0 


0 










B 










7 


16 


7 


15 




0 


0 


0 


0 


8 


0 


0 


0 




0 


0 


0 


0 


9 


0 


0 


0 




0 


0 


0 


0 


10 


2 


0 


0 




0 


0 


0 


0 
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Table 2 . cont . 



CMMT proportions. 
Proportion of blank space in total passage .41 
Proportion of each category in non-blank material. 



Category Dimension 1 Dimension 2 

1 .06 .54 

2 .00 .12 

3 .26 .34 

4 .03 .00 

5 .05 .00 

6 .00 .00 

7 .55 .00 

8 .00 — 

9 .00 

10 .03 — 



Proportion of exposition in non-blank material 

Proportion of content development in non-blank 
material 

Proportion of exercises in content development 

Proportion of exposition in content development 

Proportion requiring responses in non-blank 
materi al 

Proportion of mathematics illustration in 
non-blank material 

Proportion of illustration in non-blank material 



The CMMT list for passage revealed that the 

passage consisted ol* two example-definition sequences 
followed by 'I set of exercises. The interaction matrices 
showed that there was some interaction among categories on 
dimension 1 (10 off-diagonal entries) while there was rela- 
tively more interaction between categories 1, 2, and 3 of 
dimension 2 (20 off-diagonal entries). The most numerous 
messages .were examples (3) and exercises (7) and these two 
types of messages were represented in all of the three 
hah*,c modes (rows 3 and 7 of the between-dimens ion matrix). 
The CMMT proportions indicated that the content development 
was entirely expository and accounted for a little more 
tlian one-third of the passage while the exercises accounted 
for a little less than two-thirds of the passage. 

hocus Passage FP3 . This fifth grade passage concerned 
the Commutative Property of addition. It consisted of a 
short sequence of developmental questions culminating in a 
statement of the Commutative Property. This developmental 
material was followed by a set of simple exercises. The 
CMMT analysis of focus passage FP3 is given in Table 3. 
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Table 3 

CMMT Analysis of Focus Passage FP3. 



List . 



Dim.l Dim. 2 



Heading 



Developmental 
lixercises 



Directions 



Developmental 
Exercises 



Hxercises 



10 
0 
6 
0 
6 
6 
6 
6 
0 
6 
0 
5 
0 

_ 6 
Generalization — 2 

0 
6 
6 
0 
10 
5 
0 
7 
5 
7 



Heading 



Directions 



Directions 



1 

0 
1 
0 
5 
1 
2 
1 
0 
2 
0 
1 
0 
2 
1 
0 
1 
2 
0 
1 
1 
0 
2 
1 
2 



Representational 
Illustration 



Symbol Word 
Combinations 



Weight 

4 
4 
6 

2 
24 
2 
1 
3 
2 
3 
1 
1 
3 
8 
10 
2 
6 
2 
8 
1 
1 
3 
8 
4 
8 
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Tabic 3. cont. 



Dimension 1 interaction matrix. 

Dimension 1 Categories 
123456789 10 



Dimension 1 
(Categories 




Dimension 2 interaction matrix. 



Dimension 2 Categories 
1 2 3 4 5 6 7 



Dimension 2 
Categories 
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Tabic 3 



cont , 



Between dimension interaction matrix 
Dimension 2 Categories 



Dimension 1 
Categories 





1 


2 


3 




4 


5 


6 


7 


1 


0 


0 


0 




0 


0 


0 


0 


2 


10 




0 






0 


0 


0 










A 










3 


0 


0 


0 




0 


0 


0 


0 


4 


0 


0 


0 




0 


0 


0 


0 


5 


6 


0 


0 




0 


0 


0 


0 


6 


17 


14 


0 




0 


24 


0 


0 










B 










7 


0 


16 


0 




0 


0 


0 


0 


8 


0 


0 


0 




0 


0 


0 


0 


9 


0 


0 


0 




0 


0 


0 


0 


10 


5 


0 


0 




0 


0 


0 


0 



CMMT Proportions. 

Proportion of blank space in total passage .21 
Proportion of each category in non-blank material. 



Category Dimension 1 Dimension 2 

1 .00 .42 

2 .11 .32 

3 .00 .00 

4 .00 .00 

5 .07 .26 

6 .60 .00 

7 .16 .00 

8 .00 — 

9 .00 — 
10 .05 — 



Proportion of exposition in non-blank material .11 

Proportion of content development in mn-blaik material .71 

Proportion of exercises in content development .85 

Proportion of exposition in content development .15 



T 
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Table 3. cont. 



Proportion requiring responses in non-blank material 

Proportion of mathematics illustration in non-blank 
mater i al 

Proportion of illustration in non-blank material 



.83 



.26 



.26 



The CMMT list for passage FP3 indicated that the basic 
sequencing of this passage consisted of developmental exer- 
cises, generalization, developmental exercises, and compre- 
hension level exercises. The matrix for dimension 1 revealed 
a number of interactions (10 off-diagonal entries) all 
involving categories 5, 6, and 7. While there was little 
interaction between illustration and written material shown 
in the dimension 2 matrix, there were a number of interac- 
tions between word and symbol entries (11 off-diagonal 
entries in region A), The between dimension matrix showed 
that more than one representational mode was used only in 
the case of developmental exercises (row 6). The CMMT pro- 
portions demonstrated that the passage consisted of about 
15 percent exposition with about 85 percent of the messages 
requiring responses. While about 26 percent of the passage 
was in the illustrative mode this consisted of a single 
illustration . 

Focus Passa ge FP5 . In this junior high school level 
passage multiplication for rational nunbers was defined. 
The passage consisted of a series of developmental exercises 
interwoven with exposition. Most of the passage was 
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developmental with only a few practice exercises included 
at the end. The CMMT analysis of the passage is given in 
Table 4. 



Table 4 



CMMT Analysis of Focus Passage FP5 



List 
Dim, 1 



Dim, 



Heading 



General 

Explanation 

and 

Developmental 
l:xcrc j ses 



Directions 



Directions 



Definition * 
Explanation 



Example 



Definition 



General 

Explanation 

and 

Developmental 
Exercises 



Directions 



Directions 



Definition — 

Directions 



Developmental 
Exercises 



Directions 



Exercises 



0 


0 


10 


1 


0 


0 


4 


1 


5 


1 


6 


1 


4 


1 


6 


1 


5 


1 


4 


1 


6 


1 


4 


1 


0 


0 


4 


1 


6 


1 


1 


1 


. 4 


1 


0 


0 


■ 3 


2 


0 


0 


1 


1 


1 


2 


0 


0 


5 


1 


6 


1 


5 


1 


4 


1 


6 


1 


0 


0 


1 


1 


1 


2 


5 


1 


6 


1 


6 


2 


6 


1 


6 


1 


6 


2 


6 


1 


5 


X 


0 


0 


- 7 


2 



-Words 



— Symbols 

— Words 

— Symbols 



— Words 



Word 
■ Symbol 
Combinations 



J 



Weight 
12 

3 

2 
14 

1 

5 

2 

2 

1 

6 

4 

6 

1 

4 

2 
10 

6 

1 
60 

2 

5 

2 

5 

1 

5 

2 

5 

5 

1 

7 

1 

1 

2 

1 

4 

2 

1 

5 

5 

1 

4 
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Table 4. Com. 



Dimension 1 interaction matrix. 

Dimens ion 1 Categories 



1 23456789 10 



Dimension J 
Categories 




Dimension 2 interaction matrix. 

Dimens ion 2 Categories 







1 


2 


3 


4 


5 


6 


7 




1 






0 


0 


0 


0 


0 




2 


5 




0 


0 


0 


0 


0 


Dimension 2 


3 


0 


0 




0 


0 


0 


0 




















Categories 


4 


0 


0 


0 




0 


0 


0 




5 


0 


0 


0 


0 




0 


0 




6 


0 


0 


0 


0 


0 




0 




7 


0 


(J 


0 


0 


0 


0 





ERIC 
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Table 4. cont. 



Between dimension interaction matrix. 

Dimension 2 Categories 



Dimension 1 
Categories 





1 


2 


3 




4 


5 


6 


7 


1 


22 


3 


0 




0 


0 


0 


0 


2 


0 


0 


0 




0 


0 


0 


0 










A 










3 


0 


60 


0 




0 


0 


0 


0 


4 


43 


0 


0 




0 


0 


0 


0 


5 


11 


0 


0 




0 


0 


0 


0 


6 


36 


2 


0 




0 


0 


0 


0 










3 










7 


0 


4 


0 




0 


0 


0 


0 


8 


0 


0 


0 




0 


0 


0 


0 


9 


0 


0 


0 




0 


0 


0 


0 


10 


3 


0 


0 




0 


0 


0 


0 



CMMT Proportions. 
I'roportion of blank space in total passage .12 
Proportion of each category in non-blank material. 



Category Dimension 1 Dimension 2 

1 .14 .63 

2 .00 .37 

3 .33 .00 

4 .23 .00 

5 .06 .00 

6 .21 .00 

7 .02 .00 

8 .00 — 

9 .00 — 
10 .02 — 



Proportion of exposition in non-blank material .70 

Proportion of content development in non-blank material .91 

Proportion of exercises in content development .23 

Proportion of exposition in content development .77 
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Table 4. cont. 



Proportion requiring responses in non-blank material 

Proportion of mathematics illustration in non-blank 
mate rial 

Proportion of illustration in non-blank material 



.28 



.00 



.00 



The CMMT list for passage FP5 showed a varied sequence 
of developmental exercises interwoven with general explana- 
tion, examples, and definitions. The dimension 1 matrix 
showed a number of interactions among seven categories of 
the system (24 off-diagonal entries). There were 13 inter- 
actions between exposition and messages requiring responses 
in this passage (13 entries in the shaded region). The 
dimension 2 matrix revealed interactions only between words 
and symbols (11 entries in region A). The between dimension 
matrix showed that except for the examples which were entirely 
symbols the passage was predominantly words. The CMMT pro- 
portions showed that the passage consisted of 90 percent 
content development of which about 80 percent was exposition. 
About 30 percent of the messages required responses . There 
were no illustrations . 

The CMMT analysis of passage FP5 may be somewhat mis- 
leading in one respect. In the passage the examples were 
physically isolated from the rest of the passage as shown in 
the analysis. However, the reader was referred to the various 
examples throughout the developmental material. Thus, there 
was really more interaction between examples and other 
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categories than indicated by the analysis. 

Focus Passage FP8 . This passage concerned the use of 
grouping symbols in beginning algebra. The passage consisted 
of an expository section, in which general explanation and 
examples were interwoven, followed by numerous exercises on 
removing parentheses from expressions. The Ci«iMT analysis for 
the passage is given in Table 5. 

Table 5 

CMMT Analysis of Focus Passage FP8. 



List. 
Dim. 1 Dim. 2 



Exposition - 



Heading 



lixercises 



Example 

Expl ^nation 

Example 

Heading 



-10 
0 

Explanation - 4 

Example 3 

Explanation - 4 

Heading 10 

0 
3 
3 
0 

- 4 
0 
3 
3 
0 

-10 
0 

Directions — 5 
7 

Practice 1 0 

7 
0 



1 

0 

1 - Words 

2 — Symbols 
1 - Words 

1 
0 

2^ Word, Symbol 
0 

1 - Words 
0 

J^Word, Symbol 

0 
1 
0 

1 - Words 
1 

0 [-Symbols 
2 

O" 



Weight 

2 

6 

6 

8 
11 

1 

7 

3 
15 

5 
18 

2 

7 

6 

8 

1 

7 

4 
12 
12 
18 

6 
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Tabic 5. cont. 



Dimension 1 interaction matrix. 

Dimension 1 Categories 



123456789 10 



Dimension 1 
Cii tegor ies 




Dimension 2 interaction matrix. 

Dimension 2 Categories 



1 2 3 4 5 6 7 



Dimension 2 
Categories 




ERLC 
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Table 5. cont 



Between dimension interaction matrix. 

Dimension 2 Categories 



Dimension 1 
Categories 





1 
1 


L 






4 


r 


0 


7 


J. 


U 


u 


U 




U 


U 


U 


U 


7 


0 


0 


0 
u 




n 
u 


n 
u 


n 
u 


n 
u 










A 












9 


30 


0 




0 


0 


0 


0 


4 


35 


0 


0 




0 


0 


0 


0 


5 


4 


0 


0 




0 


0 


0 


0 


6 


0 


0 


0 




0 


0 


0 


0 










B 










7 


0 


30 


0 




0 


0 


0 


0 


8 


0 


0 


0 




0 


0 


0 


0 


9 


0 


0 


0 




0 


0 


0 


0 


10 


4 


0 


0 




0 


0 


0 


0 



CMMT Proportions . 

Proportion of blank space in total passage 
Proportion of each category in non-blank material. 
Ca tcgory Dimension 1 



.41 



2 
3 
4 
5 
6 
7 
8 
9 
10 



.00 
. 35 
.31 
.04 
.00 
. 26 
.00 
.00 
.04 



Dimension 2 

Tn 

. 53 
.00 
.00 
. 00 
.00 
.00 



Proportion of exposition in non-blank material .67 

Proportion of content development in non-blank material .67 

Proportion of exercises in content development .00 

Proportion of exposition in content development 1.00 

Proportion requiring responses in non-blank material .30 

Proportion of mathematics illustration in non-blank 

material .00 

Proportion of illustration in non-blank material .00 
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The list for passage FP8 revealed an exposition-followed- 
by-exercises sequence. The exposition consisted of general 
explanation and examples. The dimension 1 matrix shows the 
passage contained little interaction between mathematical 
messages (only 5 off-diagonal entries for categories i - 9). 
The dimension 2 matrix showed some interaction between words 
and symbols (7 off-diagonal entries in region A). The 
l)ctwecMi dimension matrix showed only four of the nine mathe- 
matical content categories were present with the explanation 
consisting entirely of words and the exercises consisting 
entirely of symbols. The CMMT proportions indicated about 
two-thirds of the passage was exposition and about one-third 
was comprehension leve^ exercises. The passage was about 4 7 
percent words and about 53 percent symbols with no illustra- 
tion. 

l-;oais Passage FPU . This passage from second year alge- 
bra developed the definition of fractional exponents. The 
passage began with general and specific explanation leading 
to the definition. This was followed by some practice exer- 
cises with answers which served to complete the development 
of the concept of fractional exponents. The passage concluded 
with numerous exercises dealing with changing back and forth 
between fractional exponent and radical notation and with 
evaluating nui..erical expressions containing fractional expon- 
ents. The CMMT analysis for the passage is given in Table 6. 



110 



Table 6 

CMMT Analysis of Focus Passage FPU. 



List. 



Dim. 1 Dim. ? 



Heading 



;xpos i tion 



Examples — 



10 

3 
3 
0 
3 
0 
3 
0 



Def ini 1 ion-|^ j 

— lixplanc.tion 4 
Heading 10 



Developmental _ 
lixercises 



Direct: ons - 5 
6 
0 

Direct] ons - 5 



lixercises 



Heading 

Specific 

Explanation 

Heading 

~Directi ons 

Practic e 

Directi ons 

Practic e 

Directions 



-10 



10 



0 



PrJ)ctice 7 
Directions 5 
0 

Practice 7 
0 

Directions 5 
0 

i'ractico 7 



1' 

1 

2 

0 

1 

0 

2 

0 

1 

2 

1 

1 

0 

1 

2 

0 

1 

2 

0 

1 

0 

2 

0 

1 

1 

0 

2 

0 

1 

0 

2 

0 

1 

0 

2 

1 

0 

2 

0 

1 

0 

2 

0 



Word 
- Symbol 
Combinations 



Weight 

2 

9 

8 

8 

9 

3 
10 
10 

5 

1 

8 

1 

3 

4 

3 

1 

2 

3 

3 

1 

3 

8 

4 

3 

2 

2 
14 

2 

2 

2 
14 

2 

2 

2 
16 

2 

2 

9 

3 

1 

3 

3 

1 
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Table 6. cont. 



Dimension 1 interaction matrix. 

Dimension 1 Categories 
123456789 10 



Dimension 1 
Categories 




Dimension 2 interaction matrix. 

Dimens ion 2 Categories 







1 


2 


3 


4 


5 


6 


7 




1 






0 


0 


0 


0 


0 




2 


10 




0 


0 


0 


0 


0 


Dimension 2 


3 


0 


0 




0 


0 


0 


0 














B 






Categories 


4 


0 


0 


0 




0 


0 


0 




5 


0 


0 


0 


0 




0 


0 




6 


0 


0 


0 


0 


0 




0 




7 


0 


0 


0 


0 


0 


0 
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Table 6 , cont . 



Between dimension interaction matrix. 
Dimension 2 Categories 



Dimension 1 
Categories 





1 


2 


3 


4 


5 


6 


7 


1 


3 


1 


0 


0 


0 


0 


0 


z 


0 


0 


0 


0 


0 


0 


0 








A 










3 


18 


26 


0 


0 


0 


0 


0 


4 


8 


0 


0 


0 


0 


0 


0 


5 


15 


0 


0 


0 


0 


0 


0 


6 


0 


6 


0 


0 


0 


0 


0 








B 










7 


0 


56 


0 


0 


0 


0 


0 


8 


0 


0 


0 


0 


0 


0 


0 


9 


0 


0 


0 


0 


0 


0 


0 


10 


7 


0 


0 


0 


0 


0 


0 



CMMT Proportions. 

of blank space in to^al passage 
of each category in non-blank material 

Dimension 1 
. 03 
.00 
.32 
.06 
. 11 
.04 
.40 

.00 - 
.00 - 
,05 - 

of exposition in non-blank material 

of content development in non-blank material 

of exercises in content development 

of exposition in content development 

requiring responses in non-blank material 

of mathematics illustration in non-blank 

of illustration in non-blank material 



Proportion 

Proportion 

Category 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

Proportion 

Proportion 

Proportion 

Proportion 

Proportion 

Proportion 

material 

Proportion 



. 28 

Dimension 2 
. 37 
.63 
.00 
.00 
.00 
.00 
.00 



40 
45 
10 
90 
55 

00 
00 
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The CMMT list for passage FPU reflected a sequence 
consisting of exposition, developmental exercises, and com- 
prehension level exercises. The dimension 1 interaction 
matrix showed there was some interaction among categories 
(21 off-diagonal entries) of which twelve were interactions 
between categories 5, 6, and 7 (12 off -diagonal entries in 
legion B) . The dimension 2 matrix showed some interaction 
between words and symbols (21 off-diagonal entries). The 
between dimension matrix showed that only in the case of 
examples were both words and symbols used (row 3). The CMMT 
proportions indicated that the messages were about 45 percent 
content development of which about 90 percent was exposition 
and about 10 percent developmental exercises. About 54 per- 
cent of the messages required responses. About 37 percent of 
the messages were words and 63 percent were symbols. There 
were no illustrations. 

Focus Passage FP12 . This passage from trigonometry 
concerned the development of functions relating the time a 
particle moves along a square at a constant rate to the 
first and second coordinates of the particles. The passage 
consisted of exposition followed by exercises and applica- 
tions demanding modifications of the developed functions. 
The CMMT analysis of the passage is given in Table 7. 
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Table 7 

CMMT Analysis of Focus Passage FP12, 



List, 



Dim.l Dim. 2 



Heading 



Exposi tion - 



Examples 



Explanation 
Heading 



Exercises 
and 

Problems 



10 1 

0 0 

Explanation — 4 1 

""3 1 

3 4 

3 2 

3 1 

3 4 

3 2 

3 1 

3 4 

3 2 

' 4 1 

0 0 

10 1 

0 0 

5 1 

0 0 

" 7 2 

0 0 

7 1 
' 0 0 
■ 8 1 

Applications - q q 

8 1 
0 0 



Directions 



Exercises 



— Words 



Words , 

Illustration, 

Symbols 

sequence 



— Words 

— Words 

— Symbols 

— Words 

— Words 

— Illustration 

— Words 



Weight 

2 
2 
28 
] 

12 

4 

1 
12 

4 

1 
12 

4 
19 

1 

1 

7 

1 

3 

6 

2 

4 

4 
33 
22 

1 

6 

2 
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Table 7. cent. 



Dimension 1 interaction matrix. 
Dimension 1 Categories 





1 

X 


9 


T 


4 


r 


0 


n 

I 


0 

0 


9 


10 


1 

X 




n 


n 


0 
u 


U 


u 


u 


u 


u 


u 








A 
















2 


0 




0 


0 


0 


0 


0 


0 


0 


0 


3 


0 


0 




1 


0 


0 


0 


0 


0 


0 


4 


0 


0 


1 




0 


0 


0 


0 


0 


1 


5 


0 


0 


0 


0 




0 


1 


0 


0 


0 


6 


0 


0 


0 


0 


0 




0 


0 


0 


0 
























7 


0 


0 


0 


0 


0 


0 




1 


0 


0 


8 


0 


0 


0 


0 


0 


0 


0 ( 




0 


0 


9 


0 


0 


0 


0 


0 


0 


0 


0 




0 


10 


0 


0 


0 


1 


1 


0 


0 


0 


0 





Dimension 2 interaction matrix. 
Dimension 2 Categories 







1 


2 


3 


4 


c; 


6 


7 




1 


\l A 1 


0 


4 


0 


0 


0 




2 


4 




0 


0 


0 


0 


0 


Dimension 2 


3 


0 


0 




0 


0 


0 


0 














B 






Categories 


4 


1 


3 


0 




0 


0 


0 




5 


0 


0 


0 


0 




0 


0 




6 


0 


0 


0 


0 


0 




0 




7 


0 


0 


0 


0 


0 


0 
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Table 7. cont. 
Between dimension interaction matrix. 



Dimension 2 Categories 







1 


2 


3 


4 


5 


6 


7 




1 


0 


0 


0 


0 


0 


0 


0 




2 


0 


0 


0 


0 


0 


0 


0 












A 










3 


0 


12 


0 


36 


0 


0 


0 




4 


47 


0 


0 


0 


0 


0 


0 


Dimension 1 


5 


1 


0 


0 


0 


0 


0 


0 


Categories 


6 


0 


0 


0 


0 


0 


0 


0 












B 










7 


4 


6 


0 


0 


0 


0 


0 




8 


39 


0 


0 


22 


0 


0 


0 




9 


0 


0 


0 


0 


0 


0 


0 




10 


6 


0 


0 


0 


0 


0 


0 



CMMT Proportions. 
Proportion of blank space in total passage .11 
Proportion of each category in non-blank material 



Category Dimension 1 Dimension 2 

1 .00 .56 

2 .00 .11 

3 .28 .00 

4 .27 .34 

5 .01 .00 

6 .00 .00 

7 .06 .00 

8 .35 — 

9 .00 — 
10 .03 — 



Proportion of exposition in non-blank material .56 

Proportion of content development in non-blank material .56 

Proportion of exercises in content development .00 

Proportion of exposition in content development 1,00 

Proportion requiring responses in non-blank material .41 

Proportion of mathematics illustration in non-blank 

material .34 

Proportion of illustration in non-blank material .34 
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The CMMT list for passage FP12 demonstrated an exposi- 
t ion-followed-by-exercises sequencing. The exposition con- 
sisted of )>eneral explanation which was followed by some 
examples which were followed by more explanation. The 
exercises consisted of comprehension level exercises fol- 
lowed by some application level exercises. The dimension 1 
interaction matrix showed that there were few interactions 
(only 7 off-diagonal interactions). There were relatively 
more interactions on dimension 2 (13 off-diagonal entries) 
with eight interactions between written material and illus- 
tration (8 entries in the shaded regions). The between 
dimension interaction matrix showed that the examples con- 
sisted of symbols and illustration (row 3) while the general 
explanation consisted of words. Exercises and problems 
were presented in all three representational modes. The 
CMMT proportions demonstrated that the passage was about 55 
percent exposition and 41 percent exercises. The represen- 
tation was 56 percent words, 10 percent symbols, and 34 
percent illustration. 

Descriptive Results for the Contrived Passages 
To illustrate how CMMT analysis can be used to compare 
and contrast text passages, six pairs of contrived passages 
were written following contrasting organizational plans. 
These passages are included in Appendix D. In this section. 
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;j description of each pair of contrived passages is given. 
I-ach of these descriptions is followed by the CMMT analyses 
of the passages in the pair described. The manner in which 
these CMMT analyses reflect the planned organization of the 
passages in the pair is discussed. 

Contrive d Passages CP2a and CP2b. These contrived 
passages were based on focus passage FP2, which was a grade 
five treatment of circu^^ference . Contrived passage CP2a 
was constructed to contain a high proportion of develop- 
mental exercises and a low proportion of explanation, 
lixercises were integrated with expository material. Con- 
trived passage CP2b was constructed to contain a high 
proportion of explanation, no developmental exercises, and 
separation of exposition from exercises. An attempt was 
made to hold dimension 2 constant over both passages. 
The CMMT analyses of these passages are given in Table 8. 
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Table 8 

CMMT Analyses of Contrived Passages CP2a and CP2b. 



i J St f(M (I' 



1)1 



fh kImik 



I ^ {-<.-, 1 I inn 
.lii J 

\H \ V 1 opiiK'nl a I 
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0 




0 
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\ 
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Table 8, 



cont , 



I) ttHC IIS I oil 1 
( 1 1 I ){n I I c . 
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Tabic 8. cont. 
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The organizations of contrived passages CP2a and CP2b 
were reflected by the CMMT analyses of the passages. The 
CMMT lists indicated that essentially the same sequence 
was used for both passages except that developmental exer- 
cises were used in passage CP2a where explanation was used 
in passage CP2b. The lists also revealed that similar 
sequences of dimension 2 categories are found in both 
passages . 

The dimension 1 interaction matrices revealed that 
passage CP2a contained seven interactions between exposition 
and exercises and only one interaction between exposition 
categories, while passage CP2b contained one interaction 
between exposition and exercises and eight interactions 
among exposition categories. These interaction differences 
reflected the planned degree of integration of exposition 
and exercises in the two passages. The dimension 2 inter- 
action matrices showed a high degree of similarity between 
the two passages in the interaction of categories in the 
representational mode as planned. 

The CMMT proportions reflected the planned differences 
in quantity of explanation and exercises between the two 
passages. Passage CP2a contained less than 10 percent 
exposition while passage CP2b contained about 60 percent 
exposition. About 90 percent of the messages in passage 
Cl*2a required responses while only about 40 percent of 
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pwss,'ij^c CVZh rc(iuirccl responses. The dimension 2 projn)!- 
t Jons were approximately the same Tor both passaj^cs. 

Contrive d Passage s CP 4 a and CP4b > Those passages were 
based on focus passage FP4 which was a sixth grade passage 
on the use of equations and inequalities to solve verbal 
problems. Contrived r.assage CP4a was constructed to 
contain a higli proj>ortion of examples and a low proportion 
of general explanation while contrived passage CP4b was 
constructed to contain no examples and a high proportion 
ol general explanation. Passage CP4a utilized non- 
ni.'itlKMiiatical motivational illustrations and passage CP4b 
utilized illustrations with mathematical content. The 
CMMT analyses of these passages are given in Table 9. 
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Tabic 9 

CMMT Analyses of Contrived Passages CP4a and CP4b, 



i.ii>t for CiMa. 



Dim. 1 Dim. 2 



tk tiding 



Lxdinples 



IttMCllIlg 

Pi rec 1 1 oiib 



Appl 1 cat ions 
iind 

Mot 1 vd 1 1 ona 1 
! I i us t ra t ions 



10 
0 
3 
0 
3 
0 
3 
3 
3 
0 
3 
0 
3 
0 
3 
3 
3 
0 

10 
0 

s 

8 
0 

10 
8 
0 

10 
0 
8 
0 

10 
0 
8 
0 

10 
0 



8 
8 
0 
10 
0 



1 

0 

1 

0 

2 

0 

1 

2 

1 

0 

1 

0 

2 

0 

1 

2 

1 

0 

1 

0 

1 

1 

0 

6 

1 

0 

6 

0 

1 

0 

6 

0 

1 

0 

6 

0 

1 

2 

1 

2 

1 

0 

6 

0 



Words 



and 



We ight 

2 
2 
7 
2 

1 

2 

I 
i 



Symbo 1 s 



3 
8 
1 
1 
2 
4 
1 
4 
3 
1 
3 
4 
9 
3 

12 

10 
5 

11 
6 
5 
5 

12 
6 

11 
5 

10 
6 
2 
1 
1 
1 
2 
0 

12 
7 



List for CP4b. 



Heading 



General 
lixplanatioii 



Heading 
Di rect ions 



Applications 
and 

Mathemat ical 
1 1 lustrations 



— 10 
0 
4 
0 
4 
0 
4 
4 
0 
4 
4 
4 
4 
0 
4 
0 
10 
0 
5 



Dim. 2 

1 

0 

;i 

1 i 

0 

1 

2 
0 
1 
2 
1 
2 
0 
1 
0 

1 

0 

1 
1 

0 
5 
1 
0 
5 
0 
1 
0 
5 
0 
1 
0 
5 
0 
1 
2 
1 
2 
1 
0 
7 
0 



Words 



and 



Symbols 



Weight 

2 
2 
7 
1 

6 

2 

4 
1 
3 
2 
1 
2 
1 
6 
6 
2 
1 
3 
4 
9 
3 
12 
10 
5 
11 
6 
5 
5 
12 
6 
11 
5 
10 
6 
2 
1 
1 
1 
2 
6 
12 
7 



man 
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Table 9. cont, 



intcr.tv t ion n.itiix for" ir4j 

DiiT. ijsjon 1 tatfgoiics 

2 : -J 

"^^i^ 0 0 0 



7 
H 

10 



0 \ 0 0 
\ A 

0 u tn, 0 

0 0 h 

U 0 0 0 

U 0 0 0 

0 0 0 0 

U 0 0 u 

0 0 0 0 

U U 1 u 



b 


t 




8 


y 




0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


u 


0 


0 


0 


0 


0 


0 


I 


0 




0 


0 


0 


u 




0 


0 


1 


0 


0 




\ 


0 


u 


u 


0 








B 






0 


0 


\ 


0 


u 


0 


0 


0 


0 


\ 




5 


u 


u 








0 



10 0 



iMtci t loi. ... itrix toi Li'Ivi 



I ! ( >H, I It 





1 




5 






6 






1 fr^ A 


t) 


0 


0 


0 


5 


0 


y 


i 


-0 


0 


0 


0 


0 


0 


















\ 


: 0 


0 


AJ 


0 


j) 


0 


u 


4 


0 


0 


(1 


y 


0 


0 

H 


0 




u 


0 


l! 


u 




U 


u 




4 


0 


0 


u 


u 




0 




0 


0 


0 


0 


1) 


0 





DiriiTs 'or. I i ntc i a*. 1 1 v.'^ matrix lor CIMb 

I 3 4 <J 6 7 8 9 10 



Lj tcgoi 1 OS 



1)1 mens ion 



Oimc'itbidn 2 
Lu t<.'>;or I os 



8 
9 
10 




0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 



0 0 1 



0 ^ 0 0 0 

\ B 
0 0 N) 0 0 



0 0 o\, 



0 0 0 0 N 



1 



10 0 0 



interaction matrix for Ci*Ab. 



Dimension 2 ( jtegoi ics 
1 2 3 4 5 0 



5 



0 0 

0 0 

4 0 

0 0 

0 0 



0 4 0 1 
0 0 0 0 

0 0 
0 



X 0 

0 0 0 

\ B 
0 0 4^1 0 u 



0 0 
0 0 



0 0 
0 0 
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Table 9, cont. 



(k'twcTM liimcnsion inter.iction matrix for (IMa. 



hiniLMislun 1 
( .1 1 c g o r J e s 





1 


2 


3 




0 


0 


0 




0 


0 


0 




n 


4 


U 




u 


0 


U 




4 


C 


U 


6 


0 


0 


0 


7 


0 


0 


0 


8 


40 


2 


0 


9 


0 


0 


0 


10 


3 


0 


0 



5 0 7 

U 0 0 

u 0 0 

0 0 0 

0 0 0 



0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 



0 57 



Between Dimension interaction matrix foi LP4b. 

Dimension 2 Categories 



I)in;cni>iuii 1 
t ategorics 





1 


I 


3 


4 


5 


6 


7 


1 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 








A 










3 


0 


0 


0 


0 


0 


0 


0 


4 


2 7 


3 


0 


0 


0 


0 


0 


5 


4 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


0 








B 










7 


0 


0 


0 


0 


0 


0 


0 


8 


40 


2 


0 


0 


45 


0 


12 


9 


0 


0 


0 


0 


0 


0 


0 


10 


3 


0 


0 


0 


0 


0 


0 







CMMf Proportions 


Passage CP4a 


Passage CP4b 


r ropo f t ion 


of 


b lunk s[)at r in total passage 


. 33 


.33 


I'ropoi t ion 


oi 


e aL h tat ejio r y 


in nun-blank matvjrial. 


Dim 1 


Dun. 2 


Dim. 1 


Dim. 2 








1 


.00 


54 


.00 


5S 








I 


.00 


.04 


.00 


.04 








3 


. 23 


.00 


.00 


.00 








4 


00 


.00 


.11 


.00 






( a to go 1 y 


5 


.03 


00 


.03 


.33 






6 


.00 


.41 


.00 


.00 










.00 


.00 


. 00 


.08 








B 


.31 




. 73 










9 


.00 




.00 










10 


.43 




.02 




I'r opor t ion 


of 


expos 1 t low in 


non-blank material 


. 23 




.22 




1* r opo r t ion 


of 


content development in non-blank material 


.23 




.22 




I'ropor t ion 


of 


exert ises ii\ 


(. on tent deve lopmeiit 


.00 




.00 




P ropor t ion 


of 


expos 1 1 ion ui 


content deve lopment 


1.00 




1.00 




P ropor t ion 


requiring responses in non-blank material 


. 34 




.76 




I'ropor t ion 


of 


mathomatus illustration in non-blank material 


.00 




.42 




Troport ion 


of 


1 1 lus t rat ion 


in non-blank material 


.41 




.42 
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The CMMT lists for contrived passages CP4a and CIMb 
revealed the similar sequential nature of the two passages. 
These lists were almost identical with dimension 1 cate- 
gories 7, and 10 and dimension 2 category 6 in passage CP4a 
replaced by dimension 1 categories 4 and 8 and dimension 2 
categories 5 and 7 in passage CP4b . The interaction 
matrices revealed little difference between the two passages 
on either dimension with the exception of nine interactions 
between the exercises and motivational illustrations on 
dimension 1 in passage CP4a. 

The major differences between these passages were 
reflected by the CMMT proportions. Passage CP4a contained 
about 22 percent examples and no general explanation, 
while passage CP4b contained no examples and about 22 
percent general explanation. The dimension 1 proportions 
also showed that in passage CP4a about 33 percent of the 
messages required responses, while in passage CP4b about 
75 percent of the messages required responses. This 
difference was a result of the fact that the illustrations 
were of a non-mathematical nature in passage CP4a, but 
contained mathematical information which could be used in 
the solution of the problems in passage CP4b. The dimen- 
sion 2 proportions revealed that word and symbol content 
were nearly the same for both passages. Both passages 
consisted of about 40 percent illustration, but in 
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passage CP4a these illustrations were motivational while 
in passage CF4b 33 percent were illustrations of physical 
situations and about 8 percent were tables. 

^'ontr ived Passages CP6a and CP6b. These passages 
were based on focus passage FP6 which was a junior high 
treatment of the probability of the event A or B where 
events A and B have given probabilities. Dimension 1 
categories were held constant in the construction of 
these passages. Passage CP6a was constructed to contain 
high proportions o£ symbols and illustrations and low 
proportions of words,. Passage CP6b was constructed to 
contain high proportions o£ woids and few symbols or 
illustrations. The CMMT analyses for these contrived 
passages is given in Table 10. 
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Table 10 

CMMT Analyses of Contrived Passages CP6a and CP6b. 



i V I t p 1 e 



i A . I flip 1 c 



lu i I II I t 1 on 



rMj., 



I ;<.I- 1 .iiij t I on 

(•< IK t ,t 1 t ; 1 1 1 on 
1 X jt 1 t 1 oil — 
iu'iu I J i i :at i I 1 
P> t 1 II 1 t I oil 
111- r 1 1 1 2 <i t 1 un 



Dim ] 

It) 
0 
3 
0 
3 
0 
3 
t) 
\ 

u 

3 
3 
^ 
3 
U 
3 
1 

0 
3 
3 
U 
3 
0 
0 

u 

3 
3 

0 
3 
4 

0 

0 
4 

0 



ior I i'O.i 

p : M : 
1 



\{M'l ICit iiiilS 



1 
1 
1 

2 

10 

LI 

a 
b 

I 

b 

8 

0 
8 
0 
« 

8 
b 
0 
8 

u 

B 
U 



We i^ht 



I 1 1 us 1 1 at 1 on 



Words , Symho 1 s 



U h Words 
1 
0 
t| 

0 
0 



2 
U 
1 

7 
1 

0 

1 
1 

0 

1 J 

s 

0 

I) 

0 

1 



I 1 1 u b t r .1 1 I o n 



Woi Js , Symbol b 



.'I 



i 1 1 u^ I I J 1 1 on 
Wo rJs , Symt/u 1 s 
I 1 1 us t r J 1 1 on 



3 
3 

3 
5 
3 
1 
3 
1 
2 

1 
I 
3 
1 

10 

8 
8 

■) 

S 
lA 



1 

0 

1 

1 1- Wo iJs , S> rnho 1 s 3 
\ 
8 
19 

I 1 1 1 1 J t ion 14 
4 

10 

W(jid^ , Syiiihol j> 1 0 
4 



list foi crob . 



Head 1 ng 

I >. ample 
<^ucb t ion 

i xamp li's 

Del 1 ni 1 1 on 



I X amp If 

I X p 1 a n a 1 1 o n — 

(.I'ni'r.i 1 1 2.1 1 1 on 
I Ap 1 .in.i 1 1 on - - 

(>i ni* I a 1 1 za t ion 

t 1 ni 1 1 on 

( t ne r J 1 1 za t ion 
ilea J 1 n^ ~ — 



Dun 1 ijjm 

10 

0 



App 1 iL a I 1 oni, 



10 
0 

8 
0 
8 
0 
B 
0 
8 
0 
8 
0 
8 
0 
8 
U 
B 
0 
8 
0 
8 
U 
8 
0 
8 



Words 
symbols 



Wards 



1 

3 

1 : 
1 



48 



1 J 



erJc 



130 



Table 10. cont. 



lumciision 1 inioraction mjtrix for CVta. 

Dimension 1 Cutcgorics 



hi iiu lis 1 on 1 
( ,1 tt'noi 1 fs 







2 


\ 


4 


s 


b 


7 


6 


y 


lU 


1 




1 


1 


u 


0 


u 


0 


0 


u 


u 


2 


1 


Hi 


0 


1 


0 


u 


0 


0 


0 


1 










A 














3 


1 


0 




1 


u 


2 


0 


1 


u 


0 


4 


u 




u 




0 


0 


0 


0 


0 


0 


S 


0 


0 


0 


0 




0 


u 


0 


u 


0 


6 


0 


0 


2 


0 


0 




u 


u 


0 


0 


















B 






7 


0 


0 


0 


u 


u 


U 




u 


0 


0 


a 


0 


0 


1 


0 


u 


1) 


u 




0 


0 


9 


0 


0 


0 


0 


0 


0 


u 


u 




0 


10 


u 


u 


i 


u 


0 


0 


u 


1 


0 


\ 



hiiiicnb 1 on 2 intcrjction nutrix for Cl'Oj 
Dimension I Catcgoricb 



1> ( iiK nb 1 on 2 





I 


2 


\ 


4 


5 6 


7 


1 




A 12 


0 


0 


4 0 


0 


2 


1 s 




0 


0 


1 0 


0 


3 


u 


0 




u 


U 0 


0 


4 


0 


0 


u 




u u 


u 


S 


1 


4 


0 


0 


0 


b 
7 


u 
u 


U 
0 


0 

u 


u 
u 


0 

\ 

0 0 


u 



Dincnsion 1 interaction mjtrix for CPOb. 

Dimens ion 1 (\i tejjo ricb 



Diiiien;>ion 1 
Cjtegorieb 





1 


2 


3 


4 


5 


0 


7 


8 




10 


1 




1 


1 


0 


0 


0 


0 


0 


0 


0 


2 


1 




0 


1 


0 


0 


0 


0 


0 


1 










A 














3 


1 


u 




1 


0 


1 


0 


0 


0 


u 


4 


0 


2 


0 




0 


0 


0 


0 


0 


0 


5 


0 


0 


0 


0 




0 


0 


0 


0 


0 


6 


0 


0 


1 


0 


0 




0 


0 


u 


0 


















B 






7 


0 


0 


0 


0 


0 


0 




u 


0 


0 


6 


0 


0 


0 


0 


0 


0 


0 




0 


0 


9 


0 


0 


0 


0 


0 


0 


0 


u 




0 


10 


0 


0 


1 


0 


0 


0 


0 


1 


0 


\ 



Ditnenbion 2 interaction matrix for Cl^6b. 

Dimension 2 Categonob 
1 2 3 4 5 6 7 



Dimension 2 
C.itegories 



A 1 



1 



0 0 

0 0 

0 0 

0 0 

0 0 



0 0 
0 0 



0 0 0 
0 0 0 
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Tabic 10. cont 



luiwti'j* iu.-noi.s ion ui t c r.n t i uii matrix foi ( 



1) I M< n-^ 1 oil 1 





1)1 incDs i t)i 


: ( 


.it 










1 






4 




6 


7 


1 


8 




0 


(t 


0 


U 


U 


) 


7 


t 


0 


0 


u 


U 


0 








A 










3 


lb 


18 


0 


U 


lU 


U 


0 


4 


10 


0 


0 


u 


0 


U 


0 


S 


0 


0 


U 


u 


0 


0 


0 


0 


0 


2 


0 


0 


u 


U 


U 








H 










7 


0 


0 


U 


u 


u 


U 


u 


6 


10 


17 


0 


u 


54 


U 


u 


y 


u 


0 


U 


u 


0 


u 


u 


10 


I 


0 


i) 


(1 


u 


0 


u 






{ MM I 


I'l l)|)OI I 1 oils 







Hi'twccn I)i nK-ij s ion i nli> I'ac 1 1 on ui.'trix loi O'oIj 

Dimeiisiun 2 C.it 'gi ricb 

1 2 3 4 ^0" 

U U 0 0 U U 

U 0 0 U 0 
A 

i U 0 0 U 

0 0 0 U 0 

U 0 0 0 0 

C 0 0 0 U 



l)iiiK*ns 1 on 1 



3 
4 
S 
b 
7 
8 
9 
10 



10 
20 
91 
10 
0 
3 
0 
98 
0 
2 



0 0 

0 0 

0 0 

0 0 

0 0 



0 



I'loi'uMion oi bLink sp.u <. n\ li)t.il pjsbJgc 

Tiupuitton ut (.-.it.h t.iti'K^'r/ in non-blank nati-iul 

1 



3 
4 
S 
C 
7 
K 
9 
lU 



P]u|>uM)un oi i^xposnion in non blank material 

I'lDjiuMion of tontt'iit ik lopiiK'nt in nonhlank material 

I' I opoi t 1 on of oxerL iif> in t.ontrnt Jcvt lopmtMit 

I' J upv,-! I i on of txposition in lOntt'iit Jcvclopment 
I'fopoition rc4oirinj{ it'sponsci in non blank matt'iial 

i'loporiion oi miithcmatus Illustration in non*blank material 

i'lupuiiion ot I 1 luh 1 1 a t I (jn in null blank tnati'Mal 





PabbUgo LP 6 a 


Pa-^saj: 


V Cl'ob 






39 




30 




1) 1 n 1^ 


i) 1 111 . 2 




l)HIl^ 2 




06 


.44 


,04 


.99 




07 


31 


08 


U 1 




. 3b 


.00 


. 39 


JO 




06 


.00 


.04 


00 




00 


. 25 


.00 


.00 




01 


.00 


.01 


00 




00 


.00 


00 


.00 




.41 




. 4 1 






00 




.00 






.01 




.01 






.55 




.56 






. Sb 




. 58 






02 




.02 






.98 




.98 






.44 




.43 






2S 




.00 






.25 




.00 
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The CMMT lists Cor contrived passages CP6a and CP6b 
demonstrated that the two passages followed almost iden- 
tical sequences on dimension 1. The lists showed that 
passage CP6a consisted of combinations of words, symbols, 
and illustrations on dimension 2, while passage CP6b was 
almost entirely words. 

The interaction matrices for the two passages supported 
the contention that the passages are similar sequentially 
on dimension 1. The larger entries on the diagonal of the 
dimension 1 matrix for passage CP6b indicated that the 
passage with high word representation took up more area 
than the passage in which symbols were used. The dimension 
2 interaction matrices demonstrated the differences 
between the representational natures of the two passages. 
In passage CP6b there were only two interactions between 
words and symbols. The between dimension interaction 
matrices also showed these representational differences 
between the two passages. 

The CMMT proportions for the two passages demonstrated 
that the passages are very similar on dimension 1. On 
dimension 2, passage CP6a was about 44 percent words, 
31 percent symbols, and 25 percent illustration. Passage 
CP6b was over 99 percent words. 
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Contrived Passages CP7a and CP 7b . In these passages 
an attempt was made to vary the dimension 1 sequence and 
hold all other aspects of the CMMT analyses constant. 
The passages were based on focus passage FP7 which was 
concerned with the development of some consequences of 
the axioms of affine geometry. In passage CP7a proofs 
preceeded statements of the theorems, resulting in a 
series of 4,2 sequences . In passage CP 7b statements of 
the theorems preceeded the proofs, resulting in a series 
of 2,4 sequences. The CMMT analyses of these passages 
are given in Table 11. 
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Tabic 11 

CMMT Analyses of Contrived Passages CP7a and cr-zb, 



1 ^ ]> ] IJI.l I 1 oil 



I 1 <t lot I I'/.t 



2»im 1 

10 1 

0 II 
} \ 
4 1 
\ > 

1 1 

4 1 

0 0 



I I iiWii i w.it lun ~ 
I A [. 1 ,111,1 M on -| 
f .c lu* rj 1 1 : .1 1 lull - 

I A l> 1 lilt.i I 1 Oli 

lit IK 1 .1 ] 1 I lun 



<>i IK ij i 1 ^ ,1 1 1 un 

III iJlDji 



r r oh 1 1 iiib 



U 
4 
4 

U 

4 
4 
4 
4 

U 
2 

4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
0 
2 
0 
10 

0 
t 

0 
9 
0 

y 
u 

g 
U 
9 
0 



2 



2 I i us t Tilt I Uil , 



^ 1 M iijsl ion , 

1 J Wo Ills 

U 

1 WorUb 
3 

1 I M us 1 1 Jt 1 uii , 

2 Wo I Us, Symhols 
1 J 

U 

1 ~ WojJb 
3 
1 

! II ub t r J 1 1 un , 
ho 1 Jb , S/Mho 1 > 



10 
4 
1 

b 
1 
S 
1 
4 
4 
10 
1 J 
? 

4 
10 

7 
> 

10 
5 
4 

16 

8 



Wo I lis 
Words 



WorUb 



0 
2 

10 

> 

0 
2 
6 
2 



List ior U'7b, 



>U >>U 1 11); 

(k IU' I il 1 1 Z.l t 1011 
i X|)} JIKlt lUIl 

Ot'iic r.i 1 1 z.i 1 1 on 
1 xpl jiijt ion 

lIciK* t J 1 1 : J t ion 

i xpl.in.it ton 

ijcnc 1 .1 1 1 z.i t 1 un 
t xpl.injt ion 
ilcidinj; 

Pioliit'ins 



1) im 1 l)un_ 

1 0 

0 



0 
4 
4 
4 
4 
4 
4 
10 
0 
S 
0 
9 
0 
9 
U 
9 
U 
9 
0 



- WorUb 

- WoiUb 

I 1 lub t I jt ion , 

Woi Ub Jjymbo 1 s 

J 

- Words 

1 1 1 1 Ub t ration , 
J Words 

- Words 

I I lub t rat ion , 
K'ordi», Symbol b 



1 1 1 us t rut ion , 
Wordb , Symbol s 

Words 



Wordb 



2 
2 
S 
3 
10 
4 
1 
0 
i 

1 

4 
10 
1 1 
3 
4 
10 
7 
2 

10 
5 
5 
3 

16 

1 1 
2 
1 
1 

13 
1 
3 
2 
2 
t 
2 

10 
2 
0 
2 
b 
2 



ERIC 
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Table 11. cont. 



lijniohMoii I inlerdtlion m.ilrix for lF7a. 



tl ir:i(.'iiM on 1 
( .It c KOI 1 1's 





1 




\ 


4 


s 


0 


7 


8 


9 


10 




\ 


0 
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Table 11. cont. 
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riic CMMT lists for contrived passages CP7a and CP7b 
showed the sequential nature of the two passages was as 
planned. The matrices and the CMMT proportions for both 
passages were very similar in each case. This demon- 
strates that the sequential natures of these passages were 
different but other aspects of the presentation were the 
s ame . 

Contrived Passages CP9a and CP9b . These passages 
were contrived from focus passage FP9 which concerned the 
development of the definitions of cartesian products and 
relations at the high school level. Passage CP9a was 
const -ucted to contain high proportions of definition, 
generalization, and general explanation and a low propor- 
tion of examples. Passage CP9b was constructed to contain 
low proportions of definition, generalization, and general 
explanation and a high proportion of examples. In passage 
CP9a, exercises were integrated with exposition. In 
passage CP9b, all exercises followed the exposition. 
Dimension 2 was held constant over both passages. The 
CMMT analyses for these passages is given in Table 12. 
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Table 12 

CMMT Analyses of Contrived Passages CP9a and CPOb. 
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Table 12 



cont 
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Table 12. cont. 
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The CMMT lists for contrived passages CP9a and CP9b 
revealed that exercises were interspersed throughout passage 
CP9a while they all came at the end of passage CP9b. The 
lists showed that passage CP9a was high in example content 
while passage CP9b was high in other types of exposition. 
The CMMT lists for both passages showed a mixture of word 
and symbol representation with no illustration. 

The dimension 1 interaction matrices showed that 
passage CP9a contained seven interactions between exposition 
and exercises while passage CP9b contained only one such 
interaction. This reflected the plan to integrate exercises 
with exposition in passage CP9b. The dimension 2 interaction 
matrices showed the passages were somewhat similar on dimen- 
sion 2. Only regions A in these two matrices contained 
entries. Passage CP9a appeared to have more ^* nteract ions 
between words and symbols than passage CP9b. This resulted 
from the integration of the exercises with the exposition 
in passage CP9a. Regions A of the between dimension 
matrices also revealed the planned differences in types of 
exposition between the two passages. 

The CMMT proportions sho^-ed that passage CP9a contained 
about 61 percent exposition while passage CP9b contained 
iibout 55 percent exposition. Passage CP9a was over 50 
percent examples while the exposition in passage CP9b 
contained no examples. Passage CP9b had 43 percent of its 
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messages requiring responses while passage CP9a had 37 
percent of its messages requiring responses. This slight 
difference resulted from the fact that there was more space 
devoted to exposition in passage CP9b and not to an absolute 
di f f erence in the qu an titles of exercises . 

Contrived Passages CPlOa and CPlOb . These passages 
were based on focus passage FPIO which was a development 
of the concept of the mean proportional and the Pythagorean 
Theorem. Contrived passage CPlOa was constructed to contain 
a high proportion of exposition and a low proportion of 
exercises and problems. In this passage illustrations were 
grouped separate from the written text. Contrived passage 
CPlOb was constructed to contain a low proportion of exposi- 
tion and a high proportion of exercises and problems. 
Illustrations were integrated with written text. Other 
aspects were held constant between the two passages. The 
c;MMT analyses of these passages is given in Table 13. 
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Tabic 13 

CMMT Analyses of Contrived Passages CPlOa and CPlOb. 
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0 ' 


Words 
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0 
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Table 13. cont . 



I) iiiiciis 1 on I interaction m.iliix tor (I'lOa 

Dimension I i atc^jories 



1) . Jiiciis 1 on 1 





1 


2 




4 


5 


6 


7 


8 


'J 


10 


I 


N 


0 


0 


1 


0 


0 


0 


0 


0 


0 




U 


\ 


0 


2 

A 


0 


0 


0 


0 


0 


0 


5 


0 


u 


\ 


1 


0 


0 


0 


G 


0 


0 


4 


I 


•) 


1 




0 


0 


0 


0 


U 


1 


5 


0 


0 


0 


0 




0 


0 


0 


U 


0 


6 


0 


0 


0 


u 


0 




0 


0 


U 


0 


















B 






7 


0 


0 


0 


0 


0 


0 




0 


0 


0 




0 


0 


0 


0 


0 


u 


U 




0 


u 




0 


0 


0 


u 


0 


0 


0 


0 


\^ 


0 


lU 


0 


0 


u 


1 


0 


0 


1 


0 


o| 


\ 



I'Kiu'iis 1 (jfi 2 mttrjctioii I'l.iiiix tor Ll'lOa. 

Dimension 2 L.i t f^or i fS 
12 3 4 5 6 7 
IH^ 19 1 0 0 0 0 
18 H 1 0 0 0 0 
U 



I) 1 iia'iis Njn 1 



1 0 

0 0 

0 0 

0 0 

0 0 



0 

s ^ 



\ 



0 X u 
0 0 



iJimt-nsion 1 mtciaction matrix for CJ'lu^' 

Dimension 1 Cat cgor icb 



L>iinenbion 1 
Catcgorieb 





1 


i 


3 


4 


5 


t 


7 


8 


9 


lu 


1 




1 


0 


0 


0 


-0 


0 


0 


0 


0 




0 




0 


2 


0 


0 


0 


0 


0 


0 










A 














3 


0 


0 




0 


0 


0 


0 


0 


1 


0 


4 


0 


1 


0 




0 


0 


0 


0 


0 


1 


5 


0 


0 


0 


0 




0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 






0 


0 


0 


















B 






7 


0 


0 


0 


0 


0 






1 


0 


0 
















\ 






8 


0 


0 


0 


0 


0 


0 


0 




1 


0 


















\ 






9 


0 


0 


1 


0 


0 


0 


0 


0 s 




0 


10 


1 


0 


0 


0 


0 


0 


1 


0 


0 





Diififiibion 2 intcrdLtion matrix for CPlOb, 

Dimension 2 Categorn* 
1 2 3 4 5 6 



I)imeiision 2 
£. atc'gor ivi> 




T 



•1 ■ ■ I'" 
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Table 13. cont 



Hiiwt'CMi Oitticnsion interaction rutrix foi tPlUa 



I dtego t U's 





1 


I 






4 


5 


0 


7 




















1 


\ 


1 


0 




0 


0 


0 


0 


2 


\K^ 


0 


0 




U 


0 


0 


0 










A 










3 


K 


1 4 


0 




0 


0 


0 


u 


4 


83 


11 


84 




0 


0 


0 


0 


5 


0 


0 


0 




0 


0 


0 


0 




0 


0 


0 




0 


0 


0 


0 










B 










7 


1 \ 


5 


30 




0 


u 


0 


0 


8 


0 


0 


0 




u 


0 


0 


u 


9 


0 


0 


0 




0 


0 


u 


u 


10 


4 


U 


u 




0 


0 


0 


u 



lU'twctMi Dimension intcrdction mjtrix Joi (I'lOh. 

Dimension 2 (dtogorios 



Di mens ion 1 
Cdtcgorics 





1 


I 


3 




-J 


5 


0 


7 


1 


5 


3 


0 




0 


0 


u 


0 




1() 


0 


0 




0 


0 


0 


0 










A 










3 


8 


0 


0 




0 


0 


0 


0 


4 


13 


1 1 


1 1 




0 


0 


0 


0 


5 


0 


U 


0 




0 


0 


0 


0 




0 


0 


0 




0 


0 


0 


0 










B 










7 


5 


5 


0 




0 


0 


0 


0 


a 


5 


3 


29 




0 


0 


0 


0 


0 


35 


1 


iO 




0 


0 


a 


0 




4 


0 


0 




0 


0 


0 


0 



l'ropt>i 1 1 on 
I'j oport Ion 



( MM I I* r opor t loiib 
of blank sp,in' ui totul pjsbj^c 



of fdth L^itu^oiy in iion-hKinK mdtcrul, 
1 



Cdte^fO ry 



3 
4 
5 
6 
7 
8 
9 
10 



Proportion of exposition \\\ non-blank material 

I'ropoition of content development m non-blank materiul 

I'roportion of exercises In content development 

Piopottion of exposition in content development 

I r oport ion requiring responses in non- blank m.itcri.tl 

I'loportion of mathenutics illustration m non bl.ink material 

l^roportion of illustration in non-blank material 



.17 



Dim 1 Dim, 2 



.02 
.05 
.09 
.65 
.00 
.00 
.18 
.00 
.00 
01 



.81 
81 
.00 
1 .00 
.18 
. 4 1 
.41 



.45 
14 
.41 
.00 
.00 
.00 
. 00 



P.isi,ax<>' CPlGu 



. 04 
.09 
.04 
.25 
.00 
. 00 
.OS 
.20 
. 30 
.02 



.42 
.42 
.00 
1 .00 
55 
39 
. 39 



37 



Dim . 1 Dim, 2 



. 49 
. 12 

.00 
. 00 
.00 
.00 
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The CMMT lists for contrived passages CPlOa and CPlOb 
demonstrated that passage CPlOa contained more exposition 
than (HUOb and that CPlOa contained fewer exercises and 
problems than CPlOb. The lists also revealed that illus- 
trations were segregated from the written material in 
passage CPlOa while they were interspersed throughout the 
written material in passage CPlOb. 

The dimension 1 interaction matrices also showed the 
planned differences in quantities of exposition and exer- 
cises between the two passages. Region A of the passage 
Ci^lOa matrix contained 233 entries while region A of the 
passage CPlOb matrix contained 76 entries. Region B of 
the passage CPlOa matrix contained 53 entries all for 
category 7 while region B of the passage CPlOb matrix 
contained 111 entries of types 7, 8 and 9. The difference 
between the passages in the placement of the illustrations 
was shown by the dimension 2 matrices. Passage CPlOa con- 
tained three interactions between written material and 
illustration while passage CPlOb contained 20 such inter- 
actions. The between dimension matrices also showed that 
passage CPlOa contained much more explanation than passage 
CPlOb while passage CPlOb contained more and various types 
of exercises and problems. 

The CMMT proportions showed that passage CPlOa con- 
sisted of 80 percent exposition while passage CPlOb con- 
sisted of 42 percent exposition. Passage CPlOa contained 
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about 18 percent messages requiring responses while passage 
CPlOb contained about 55 percent of such messages. liach 
passage contained about 40 percent illustration. 

Statistical J^esults 
The statistical results of the validity study concern 
the problem of the number of passages to sample from a 
section of a textbook, correlational comparisons of passage 
within and between textbooks, and the identification of 
presentation variables on which textbooks differ. These 
results are discussed in this section. 

The Sampling Pr oblem . In order to determine if CMMT 
analyses of entire sections of textbooks can be closely 
approximated by sampling a small number of CMMT sample 
passages, successive correlations were made between each 
entire experimental section and increasingly larger random 
samples of passages from the section. For these correla- 
tions 25 items of data readily available from the CMMT 
analyses of the passages were used. The items of data and 
sampling procedure used were detailed in Chapter 4. 

Purdue Statistical Program BMD3D (Dixon, 1970) was 
used to compute the correlations for the sampling problem. 
These correlations are given in Table 14. 
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The correlations given in Table 14 revealed that for 
all experimental sections high correlations were obtained 
by sampling only one, two, or three passages. The number 
of pai^sages it was necessary to sample in order to reach 



and maintain correlations of .90 and .95 between the samples 



and their sections 


i s 


given in 
Table 


Table 15. 
15 




IN mil ui^ I ui idSSclGCS 


Necessary to 


Sample to Reach and Maintain 




of 


.90 and . 


95 with Entire 


Sections . 


l;xpcrimental 
Section 


Total Number 
of Passages 
in Section 


Sample Size 

Rpnili vr^ H -frxy^ 

Correlations 
> .90 


Sample Size 
Required for 
Correlations 

> .95 


ESI 




13 


3 


3 


iiS2 




9 


3 


4 


hS3 




11 




1 


i,S4 




11 




4 


1;S5 




9 




2 


hS6 




6 




1 


LSI 




6 




2 


i;s8 




11 




2 


f;s9 




4 




3 


liSlO 




5 




2 


bSll 




10 




1 


i-:si2 




7 
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The results given in Table 15 showed that fairly high 
stable correlations were obtained between the CMMT analyses 
ol entire sections and a sample of only one or two passages. 
In order to determine more precisely what these correlations 
mean, further correlational analysis was carried out. The 
results of this analysis are discussed next- 

Correlational Comparisons of Passages ♦ Correlational 
analysis was used to determine if the CMMT analyses of 
passages sampled within the same textbook were more closely 
related than passages sampled from different textbooks. 
An average within- textbook correlation for each textbook 
studied was determined by computing the average correlation 
of all pairs of passages from each experimental section 
using the same 25 items of CMMT data used in the sampling 
problem. The average be tween- textbook correlation was 
computed by randomly selecting one passage from each of 
the twelve experimental sections and computing the average 
correlation between all possible pairs of these passages. 
The correlations were computed using Purdue Statistical 
Program BMD3D (Dixon, 1970). Each average correlation was 
determined by taking the 1 transformations of the correla- 
tions, computing the mean of these transformed scores, and 
then taking the inverse Z transformation of the mean (Hays, 
1963, p. 608). These average correlations are given in 
Table 16. 
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Tabic 16 

Average Correlation of F'assages within and between Textbooks. 



Average within-Book Correlations 
Experimental Section Average Correlation s (r . ) 



iiSl 


.66 


i:s2 


.61 


i:s3 


.64 


iiS4 


. 71 


EiSS 


.88 


lis 6 


.95 


liS7 


.90 


1-:S8 


. 85 


i-;s9 


. 78 


liSlO 


.69 


i:si] 


.95 


KS12 


.75 



Average between-Book Correlation .53 



The results given in Table 16 indicated that for pas- 
sages sampled within textbooks, avera,;- correlations were 
consistently higher than for passages sampled from different 
textbooks. To investigate the significance of this apparent 
difference a number of statistical tests were performed, 
l-irst, a test suggested by Ostle (1963, p. 227) was usod 
to test for differences among the twelve average within- 
textbook correlations. The result of this test is given in 
tlie first line of Ta^le 17. Next, the test was also used to 
determine if each average within- textbook correlation differed 



ERIC 



152 



significantly from the average between- textbook correlation, 
The results of these tests are also given in Table 17. 



Table 17 



Results of \^ Tests for Comparing Average Correlations 

between Textbooks. 





Hypotheses 


of 


Observed A 


2 


Probabi lity 
Level 




"o- = 


• •• = ri2 


11 


85.89 




P < 


.01 




Ho: FT = 






2.07 




P < 


.25 




lio : r7 = 






.65 




P > 


. 25 




Ho: F7 = 






1. 56 




P < 


. 25 




Hq: r7 = 










P < 


.05 




Ho". F7 = 










P < 


.001 




lie: U = 






70 . 72 




P < 


.001 




Ho: F7 = 






55 . 62 




P < 


.001 




Ho: r7 = 






Z L) . / 6 




P < 


.001 




Ho: FT = 


r. 
"0 




9.86 




n < 

X 


, 01 










5.32 




p < 


.25 




I'o: rii = 






52.66 




p < 


.001 




Ho: = 




1 

X. 


7.17 




p < 


.01 


r . 
1 


= average 


wi thin- 


book 


correlation for 


book i, i 


= 1, 12. 




= average 


be tween 


-book 


correlation . 










00.^11^ = 


31. 264 












}^ 




1 .32330 




>' (i) = 

.05 ^ ' 


3. 


84146 




>2 




6.63490 




A' (1) = 

.001 ^ 


10 


.828 





ir>3 

Table 17 indicates that the average wi thin- textbook 
correlations differed at the 01 probability level. This 
suggests that some textbooks inv3stigated contained more 
highly similar passages as measured by CMMT analysis than 
other textbooks. For seven of tie textbooks investigated 
the average within- textbook correlation was significantly 
different from the between- textbook correlation at the .01 
prv)bability level. For the remaining experimental sections 
the within- textbook correlation did not differ significantly 
from the between- textbook correlation at the .01 probability 
level . 

Identifying Presentation Variables . In order to deter- 
mine if the data obtained from CMMT analysis could be used 
to identify significant differences among the experimental 
sections, analysis of variance was used. The sixteen vari- 
ables investigated in this manner were variables which could 
be readily obtained from the CMMT analyses of the passages 
in the sections. These variables and the analysis of vari- 
ance design were detailed in Chapter 4. 

For each of the sixteen presentation variables investi- 
gated, three statistical tests were performed. First, 
Bartlett's test was used to test for hcnogeneity of vari- 
ance (Winer, 1962, p. 95). The test was performed using 
Purdue Statistical Program DATASUM (Dixon, 1970). The 
results for each variable are summarized in Table 18. 
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Table 18 



Homogeneity of 


Variance Tests for 


Presentation 


Variables . 


Variable 


Observed 


Probability Level 


1 


67. 5753 


P 


< 


.001 


2 


12. 5753 


P 


> 


.25 




20.8815 


P 


< 


.05 


4 


15. 5859 


P 


< 


.25 


5 


35. 5128 


P 


< 


.001 


6 


37.6567 


P 


< 


.001 


7 


135.6895 


P 


< 


.001 


8 


11.1110 


n 
r 


< 




9 


21.1336 


P 


> 




10 


18. 0601 


P 


> 


.1 


11 


21 . 401 7 


P 


> 


.05 


12 


80. 5406 


P 


> 


.001 


13 


112. 8360 


P 


> 


.001 


14 


19. 5321 


P 


> 


. 1 


15 


81. 2449 


P 


> 


.001 


16 


56.8875 


P 


> 


.001 


df = 11 for each 


variable . 









A\2s(ll) = 13. 7007 (1 1) = 1 7. 2750 A ^ ^ ^(11 ) = 1 9 . 6 751 

A^ 035(11) = 21 . 9200 A\oj (11) = 24.7250 A ) = 31 . 264 
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The results summarized in Table 18 indicate that on a 
number of the presentation variables, homogeneity of variance 
can not be assumed. If the arbitrary significance level of 
.05 is used then homogeneity of variance can be assumed for 
only five of the sixteen variables. If the .01 level is 
used then homogeneity of variance can be assumed for eight 
of the variables. These results merely show that on a 
number of the variables investigated there was greater 
variation among the passages within some books than in others. 

The second test performed on each presentation variable 
was analysis of variance. Even though homogeneity of vari- 
ance was not found for all of the variables, Winer (1962, 
p.. 920) and Hays (1963, p. 381) indicate that analysis of 
variance can be performed under these conditions. To per- 
form the analyses, Purdue EDSTAT program ANOVAR (Veldman, 
1967) was used. The results for each variable are summarized 
in Table 19. 

The analyses of variance summarized in Table 19 showed 
that for all of the variables investigated there were sig- 
nificant differences among the means for the twelve books. 
These results showed that CMMT analysis statistically differ- 
entiated among the textbooks on each of the sixteen variables. 

In order to determine the extent of the differences 
among the textbooks, a third test was performed on each 
variable. The Newman-Keuls Sequential Range Test (Winer, 
1962, p. 80} was used to obtain an ordering of the textbooks 
on each variable and to find how many paiis of means differed 

ERIC 
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Table 19 

Analysis of Variance Tests for Presentation Variables 



Variable 



MS 



between 



MS . , . 
within 



F-ratio Probability 



1 


602375.3920 


13315.3501 


45 


. 24 




0001 


2 


260.9897 


31.8325 


8 


. 20 


< . 


0001 


3 


47.8005 


4,3 781 


10 


.92 


< . 


000 1 


4 


19. 3675 


1.4032 


13 


.80 


< . 


0001 


5 


24.0855 


6.9682 


3 


.46 


< . 


0001 


6 


157.6088 


15. 7752 


9 


.99 


< . 


000 1 


7 


54.4608 


5.9115 


9 


. 21 


< . 


0001 


8 


73. 7919 


7.4488 


9 


. 77 


< . 


0001 


9 


428.9311 


34.1462 


12 


.56 


< . 


000 1 


10 


2799. 2132 


238.8240 


11 


. 72 


< . 


0001 


11 


310,5.0151 


286.4841 


10 


.84 


< , 


0001 


12 


2408.5381 


219. 7256 


10 


.96 


< . 


0001 


13 


3234.0415 


409. 7675 


7 


.89 


< . 


0001 


14 


2289.6925 


236. 2882 


9 


.69 


< . 


0001 


15 


1099.0162 


126.0162 


8 


. 72 


< . 


0001 


16 


1216.9134 


171.9584 


7 


.08 




0001 



df 



between 
wi thin 



11 for each variable. 
90 for each variable. 
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statistically. For these tests Purdue Statistical Program 
NKTOST (Dixon, 1970) was used. The results of these tests 
are summarized in Table 20. 

Table 20 

Summary of Newman-Keuls Tests for Presentation Variables. 



Number of Pairs Number of Pairs 

Variable °^ Means of Means 

Differing at Differing at 

.05 Level. .01 Level. 



1 


44 


40 


2 


23 


20 


3 


28 


26 


4 


24 


20 


5 


4 


2 


6 


28 


20 


7 


14 


11 


8 


28 


18 


9 


29 


24 


10 


31 


25 


11 


22 


18 


12 


19 


18 


13 


11 


11 


14 


25 


20 


15 


1,3 


11 


16 


17 


10 
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The Newman- Kcu 1 s tests summarized in Table 20 show 
that on most variables differences were found between many 
pairs of tlie twelve books. These results indicate that 
CMMT analysis could be a powerful tool for differentiating 
among a number of textbooks on a number of variables. 

Results of the Reliabi lity Study 
Both between- and within-rater reliability of subjects 
trained in the use of the CMMT technique were investigated 
in this study. Three groups of subjects were trained 
individually and on two occasions coded a set of six CMMT 
criterion passages. These data were analyzed to determine 
between- and within-rater differences among the groups and 
rating difficulties of the criterion passages. The five 
highest scoring subjects in each group were defined as 
experts for which between- and within-rater reliability 
coefficients were determined. The between- and within- 
rater results are presented below. 

Between-Rater Results 
Criterion ratings for each message of each passage were 
determined by computing the most frequent coding of each 
message by all subjects. The computer program which was 
used for determining these scores is included in Appendix II. 
Between-rater scores for each subject on each passage were 
then computed using the program given in Appendix G. These 
scores were based on the proporti on of agreement between a 
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subject and the criterion ratings of the messages in each 
passage. Scores for each CMMT dimension \/ere determined in 
this \^ay . These between- rater scores were used in all 
analyses of variance presented in this section. 

Since the criterion passage scores were used as test 
scores for analysis of variance it was appropriate to 
investigate the internal consistency reliability for these 
scores. To obtain these estimates, Kuder-Richardson Formula 
20 coefficients (Nunnally, 1967, pp. 196-197) were computed 
for each passage on each CMNfF dimension. The computer 
program gWen in Appendix G was used to compute these 
coefficients in addition to scoring the passages. These 
reliability estimates of the between- rater scores are 
given in Table 21. 



Table 21 

Internal Consistency Estimates for between-Rater Scores. 





Passage 


Dimension 1 
Estimate 


Dimension 2 
Es timate 






FPl 


. 91 


.77 






CP2b 


. 83 


.73 






FP8 


. 84 


.82 






CP6a 


. 79 


.81 






FPl 2 


. 71 


.65 






CPlOb 


. 88 


.89 
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Before performing repeated measures cmalysis of vari- 
ance on the two sets of between- rater scores, two checks of 
homogeneity of variance suggested by Winer (1962, pp. 304- 
30S) were made. First, homogeneity of variance of subjects 
within the three groups was checked. Second, homogeneity 
of variance of treatment by subjects within groups was 
checked. The results of these tests are given in Table 22. 

Table 22 



Homogeneity of Variance Tests for between-Ra ter Scores. 



Homogeneity of 


variance of subj ects 


wi thin groups . 




Dimension 1 


Dimension 2 


Observed F 

max 


1.58217 


6.90149 


Probability 


> .05 




Homogeneity of variance of treatment 
by subjects within groups . 




Dimension 1 


Dimension 2 


Observed F 

max 


1.37293 


1. 22812 


Probability 


> .05 


> .05 



F ( . (3,14) = 5.3 

max (.01) ' ' 

F , , . (3,14) = 3.71 

max (.05) ^ ' 

F , , (3,70) = 2.1 

max ( ., 0 1 ) ^ ' ' 

F . . (3,70) = 1. 78 

max (.05) ^ ' ' 



T 
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The tests summarized in Table 20 showed that except 
for subjects within groups on dimension 2 homogeneity oT 
variance could be assumed. Winer (1962, p. 305) indicates 
that minor violations of the assumptions of homogeneity of 
variance will not have a great effect on analysis of vari- 
ance in any event. Thus, it was appropriate to perform the 
planned analyses of variance. Purdue EDSTAT computer pro- 
gram ANOVAR (Veldman, 1967) was used to perform the-e 
analyses on the two sets of between- rater scores. The 
results of the dimension 1 analysis are given in Table 23. 

Table 23 



Between-Rater Analysis of Variance for Dimension 1 



r 


Mean Square 


df F-Ratio 


Probability 


Between Subjects 


.0634 


44 




Groups 


.0076 


2 .12 


.89 


Error (G) 


.0660 


42 




Within Subjects 


.0208 


225 




Passages 


.1850 


5 10.60 


.0001 


Groups by Passages 


.0098 


10 .56 


.84 


I;rror (PI 


.0175 


210 




Group Means 


1 

. 7140 


2 

. 707 


3 

.6957 


FPl 

Passage Means .6635 


CP2b FP8 
.6889 .8279 


CP6a FP12 
.6704 .6605 


CPlOb 
. 72 2 2 



ERIC 
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The between- rater analysis of variance summarized in 
Table 23 shows that on dimension 1 there were no significant 
differences between groups of raters and no significant 
interactions between groups and passages. There were, how- 
ever, significant differences between rating difficulties 
of the passages. In order to determine which passages 
differed, the Newman-Kculs procedure suggested by Winer 
(1962, p. 309) was used. The results of this test arc 
summarized in Table 24. 



Table 24 

Bctween-Rater Differences among Passages on Dimension 1. 



FP12 FPl 


CP6a 


CP2b 


CPlOb 


FP8 


Ranked 
Passages 


. 0030 


.0099 


.0284 


.0617* 


.1674** 


FP12 




.0069 


.0254 


. 0587 


. 1644** 


FPl 






.0185 


. 0518 


. 1575** 


CP6a 








. 0333 


. 1390** 


CP2b 










.1057** 


CPlOb 












FP8 


** Significant 
* Significant 


at .01 
at .05 


level . 
level . 
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I'hc results of the Ncwman-Kculs test summarized in 
Table 24 show that criterion passage FP8 was easier to code 
on dimension 1 than any other passage at the .01 level of 
significance. Criterion passage CPlOb was easier to rate 
on dimension 1 than passage FP12 at the .05 level of sig- 
nificance. No other significant differences between the 
rating difficulties of the passages was shown. The results 
of the dimension 2 between- rater analysis of variance are 
summarized in Table 25. 

Table 25 



i^etween-Rater Analysis of Variance for Dimension 2. 





Mean Square 


df 


F- Ratio 


Probability 


Betwesn Subjects 


. 0153 




44 








Groups 


.0003 




2 


• 


02 


.98 


lirror (G) 


. 0161 




42 








Within Subjects 


.0056 




225 








Passages 


.0327 




5 


6. 


66 


< .0001 


Groups by Passages 


. 0058 




10 


1. 


19 


.30 


l:rror (P) 


. 0049 




210 








Group Means : 


1 

.9175 




2 

.9175 




3 

.9142 


PPl 

Passage Means: .9000 


CP 2b 
.8822 . 


FP8 
9623 


CP6a 
.9107 


FP12 CPlOb 
.9206 .9226 
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■,ho botwocn-rator analysis of variance su»arizcd in 
,ab,e 2S shows that o„ di.onsicn 2 there were no signiCcant 
UUreronces between grourc of raters and no significant 
interactions between groups and passages. There were, how- 
ever, Significant differences in rating difficulty a^ong 

TKo ro<;nlts Of the Newman-Keuls test (Winer, 
the passages. Ihe results oi 

1962, p. 309) to determine which passages differed are 
given in Table 26 . 

Table 26 

Botween-Rater Differences a^ong Passages on Dimension 2. 



CP 2b FPl 



.0178 



CP6a 

. 0285 
..0107 



FP12 



0384** 
.0206 
.0099 



CP 10b 


1 

FP8 


Ranked 
Passages 


. 0404** 


.0801** 


CP2b 


.0226 


.0623** 


FPl 


.0119 


.0516** 


CP6a 


. 0020 


.0417 


FPl 2 




.0397 


CPlOb 
FP8 



** Significant at .01 level 
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The results of the Newman- Keuls test summarized in 
Table 26 show that criterion passage FP8 was easier to rate 
on dimension 2 than passages CP2b, FPl , and CP6a at the 
.01 level of significance. The results also show that 
passages FP12 and CPlOb were easier to rate on dimension 2 
than passage ZP2h at the .01 significance level. 

Tie five subjects in each group who received the 
highest overall average between- rater scores were defined 
to be experts. The data from the experts were used to 
determine between- rater reliability coefficients. Thes? 
reliability coefficients are based on the average Scott 
reliability coefficient for all pairs of experts in each 
group on each passage. The Scott coefficient which was 
described in Chapter 3 can be interpreted as the proportion 
of agreement between subjects with an adjustment for chance 
agreement. The computer program included in Appendix F was 
used to compute the between • rater reliabilities which are 
given in Table 27. 

Table 27 revealed somewhat higher between- rater 
reliabilities on dimension 2 than on dimension 1 of the 
CMMT system. The table also showed that there was some 
variation between passages on both dimensions. This 
variability roughly reflects the results of the analyses 
of variance. 
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Table 27 

Betwcen-Rater Reliability Coefficients. 






Passage 


Dimension 1 


Dimension 2 




FPl 


.42 


. 76 






- o o 


. 0 y 




r r 0 


. 0 -+ 


. y o 


Group 1 










CP6a 


.55 


.86 




FP12 


.40 


.85 




CPlOb 


.72 


.94 

1 




FPl 


.58 


1 

1 

. 73 




rP7h 




7 7 




FOR 


/ o 




Group 2 










CP6a 


.57 


.74 




FP12 


. 55 


.96 




CPlOb 


.45 


.91 




FPl 


.55 


.93 




CP2b 


.65 


. 74 




FP8 


. 81 


1.00 


Group 3 










CP6a 


. 56 


. 74 




FP12 


.52 


. 83 




rPlOb 


.60 


. 81 
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Within-R;.tcr Results 
Since only thirteen of the anginal fifteen subjects 
in groups 1 and 2 completed the second coding of the 
criterion passages, within-rater results are based on 
groups of size thirteen. In order to make group S of 
^izc thirteen, two of the original subjects in group 3 
wore selected at random and dropped from the within-rater 
analysis . 

Within-rater scores were determined for each subject 
by computing the proportion of agreement between each 
subiect's first and second codings of the criterion passages 
The computer program included in .Appendix G was used to 
determine within-rater scores. The internal consistency 
estimates for the within-rater scores, which were also com- 
puted by the prograir. > n Appendix G, are given in Table 28. 

Table 28 

Internal Consisteac,. Lsti-nates for ivi thin- Rater Sec res . 



Pass 



sage 



FPl 

CP2b 

FP8 

CP6a 

FP12 

CPlOb 



.Tiension 1 
lis timate 



.87 
.88 
. 90 
. 84 
.91 
. )0 



Dimension 2 
ts timate 

.80 
.72 
..83 
. 78 
.84 
.83 
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The two checks of homogeneity of variance which were 
made for the between-rater scores were also made for the 
within-rater scores before the analyses of variance were 
performed. The result^ of these tests are given in 
Table 29. 

Table 29 

Homogeneity of Variance Tests for within-Rater Scores. 



Homogeneity o 


1 

^ variance of subjects within groups. 

Dimension l Dimension 2 j 

i 


Observed F 

max 


1.4945 5.1818 


Probability 


> .05 > .01 


Homogeneity of variance of treatment 
by subjects within gioups. 




Dimension 1 Dimension 2 


Observed F 

max 


1.1946 1.6207 


Probability 


> .05 > .05 


F , , (3,12) = 
max ( 0 1 ) * ^ 


6.1 


F , , (3,12) = 
max (.05) ^ ' ^ 


4.16 


F , , (5,60) = 
max ( . 0 1 ) ^ * ^ 


2.2 



Fmo.r n.^ (3,60) = 1.85 
max (. 0 5 J * 
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The tests summarized in Table 29 indicated that 
homogeneity of variance was a safe assumption in this case. 
Thus, as in the case of the between-rat jr data, it was 
appropri.ne to perform the planned analyses of variance. 
Again, Purdue EDSTAT computer progr-r,m ANOVAR (Veldman, 1967) 
was used to perform these analyses. Results of the dimen- 
sion 1 analysis are summarized in Table 50. 



Table 30 

Within-Rater Analysis of Variance for Dimension 1. 





Mean Sq 


uare df F- 


-Ratio 


Probabi lityj 


Between Subjects 


.0889 








Groups 


.0561 




.62 


. 55 


Error (G) 


.0907 


36 






Within Subjects 


.0290 


195 






Passages 


. 1377 


r- 

D 


5. 29 


.0005 1 


Groups by Pa sages 


.0271 


10 


1 .04 


.-31 


Error (P) 


. . 260 


180 






Group Means : 


1 

. 6971 


2 

. 6811 




3 

.6447 



Passage Means : 



FPl CP2b FP8 CP5a 
6636 .6550 .7913 .6538 



FP12 CPlOb 
6315 .6706 
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The analysis of variance summarised in Table 30 for 
wi thin-rater scores was quite similar to the dimension 1 
between-rater analysis of variance. Again, no significant 
differences were found between groups of raters and there 
were no significant interactions between groups and 
passages. As in the case of the between-rater results 
there were significant differences between passages. To 
determine which passages differed significantly in -ating 
difficulty, the Newman-Keuls test suggested by Winer 
(1962, p. 309) was used. The results of this test are 
sumn.jrized in Table 31. 



Table 31 

Within-Rater Differences among Passages on Dimension 1. 



FP12 CP6a 


CP2b 


FPl 


CPlOb 


1 

1 

FP8 


Ranked 
Pas sages 


.0023 


.0735 


. ?3_1 


.0391 


. 1598** 


FP12 




■J212 


.0298 


.0368 


.1575** 


CP6a 






.0086 


.0156 


.1363** 


CP2b 








.0070 


.1277** 


FPl 










.1207*" 


CinOb 












PP8 



Significant at .01 lev^el. 



171 



As with the between-rater scores, the within-rater 
results give.i in Table 31 showed that focus passage YP8 
was .significantly easici to code on dimension 1 than the 
other passages. The results of the dimension 2 within- 
rater analysis of variance which also parallel the between- 



rater results are given 


in Table 


32. 








Table 


32 






Within-Rater Analysis of Va 


riance 


for Dimension 2. 




Mean Square df 


F-Ratio Probability 


Between Subjects 


. 0226 


38 






Groups 


.0015 


2 


.06 


.94 


Error CG) 


.0257 


36 






Within Subjects 


. 0071 


195 






Passages 


.0481 


5 


7.96 


< .0001 


Groups by Passages 


.0057 


10 


.94 


. 50 


Krror (P) 


.0060 


180 








1 




2 


3 


Group Means : 


.8940 


.8903 


.8989 


FPl 


CP?b 


FP8 


CP6a 


FP12 CPlOb 


Passage Means: .8791 


.8467 


.9415 


.8713 . 


9224 .9054 
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The within-rater analysis of variance summarized in 
Table 32 showed that on dimension 2 there were no signifi- 
cant differences between groups and no significant inter- 
actions. There were differences in the -rating difficulty 
of the passages. The results of the Newman-Keals test 
(Winer, 1962, p. 309) to determine which passages differed 
are given in Table 33. 



Table 33 

Within-Rater Differences among Passages on Dimension 2. 



1 

:P2b CP6a 


FPl 


CFlOb 


FP12 


FP8 


Ranked 
Passages 


.0246 


. 0324* 


.0587** 


.0757** 


.0948** 


CP2b 




.0078 


. 03-11* 


.0511** 


.0702** 


CP6a 






.0263 


.0433* 


.0624** 


FPl 








.0107 


.0361 


CPloD 










.0191 


FP12 












PP8 



Significant at .01 level. 



Significant at .05 level. 



The result? of the test summarized in Ta* 33 are 
similar to the corresponding be tween- rater res. Its. Again, 
passage FP8 appeared to be the easiest passage to code. 
Passages CPlOb and FP12 were easier to code on dimension 2 
than passages CP2b, CP6a, and FPl. 

Within-rater reliability estimates were determined for 
the experts in each group using the con.puter program included 
in Appendix F. These within-rater coefficients are given 
i n Table 34 . 

As in the case of the between- rater reliability esti- 
mates, the within-rater coefficients tended to be^ higher 
on dimension 2 than on dimension 1. Also, a comparison of 
the between-rater coefficients given in Table 27 with the 
within-rater coefficients in Table 34 reveals that rhe 
within-rater coefficients tended to be slightly higher. 
Of the eighteen dimension 1 coefficients, fifteen of the 
within-rater estimates were higher than their correspond- 
ing between-rater estimates. On dimension 2 the within- 
rater and between-rater coefficients appeared to be quite 
similar. The within-rater coefficients in Table 34 
reflected tlie variation among passages shown in the 
analyses of variance. 
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Table 34 

Within-Rater Reliability Coefficients. 



Passage Dimension 1 Dimension 2 





FPl 


.62 


.87 




CP2b 


. 79 


. 79 


Croup 1 


FP8 


.90 


.95 










CP6a 


.67 


. 88 




FP12 


.77 


.96 




CPlOb 


. 71 


Q 1 




FPl 


.68 


.81 




CP2b 


. 79 


.83 




FP8 


. 83 


.90 


Group 2 










CP6a 


.69 


.82 




FPl 2 


.61 


.88 




CPlOb 


. 78 


.88 




FPl 


. 66 


.99 




CP2b 


. 58 


.72 




FP8 


.69 


.99 


Grouf 3 










CP6a 


.61 


.81 




FP12 


.78 


.89 




Cl'lOb 


.61 


.84 
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Investigator Reliability 
To complete the study of reliability a check was made 
of the reliability of the investigator. This was done by 
computing the proportion of agreement between the investi- 
gator and the be tween-rater criterion ratings on e^ch 
criterion passage. In addition a Scott reliability coeffi- 
cient was computed between the investigator and the criterion 
ratings on each criterion passages. These proportions and 
coefficients which were computed using the program in 
Appendix F are given in Table 35. 



Table 35 
Investigator Reliabilities. 



Passage 


Proportion of 
Agreement 

Dimension 1 Dimension 2 


Reliability 
Coef f i cients 

Dimension 1 Dimension 2 


FPl 


. 74 


1.00 


.61 


1.00 


CP2b 


.90 


1.00 


. 88 


1.00 


FP8 


.92 


1. 00 


.88 


1 . 00 


CP6a 


.70 


.96 


.61 


. 93 


FP] 2 


. 85 


1.00 


. 81 


1. 00 


CPlOb 


.87 


1. 00 


.83 


1 . 00 


Averages 


.83 


.99 


.77 


.99 
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CHAFTliR VI 
.SUMMARY, CONCLUSIONS, AND DISCUSSION 

Summary of the Research 

In this research a technique for identifying and study- 
ing presentation variables in mathematics text was developed 
and investigated. These presentation variables concern the 
manner in which authors attempt to communicate mathematics 
in i)rinted form. The variables were studied in terms of 
content and representational structures in mathematics text. 

The research had purposes which were both deve lopmentally 
and empirically oriented. "^rom a developmental point of view 
the purpose of the research was to develop a technique of 
studying presentation variables in mathematics text. From an 
empirical point cf view the purpose of the research was to 
investigate the validity and reliability of the technique. 

The developed technique has three basic components . 
The first component consists of a two dimensional system of 
categories for classifying messages in mathematics text. 
This category system is called the CMMT category system^ 
Dimension 1 of the CMMT category system which is used to 
classify messages in terms of mathematical content and 
process provides subclass i ficat ions of the expos it ion and 
exercises or problems appearing in mathematics text. 



T 
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DiiiKMisLon 2 of the CNIMT category system provides a means of 
classifying the mode of representation used in mathematics 
text in terms of word, symbol, and illustration classifica- 
tions . 

The second component of the developed techni que has to 
do with procedures for applying the CMMT category system to 
actual text passages. The basic unit of measure used is 
one- fourth ol' a line of print. To apply the category system, 
a page of text is partitioned into sections conforming to 
the format of the page. A category number for each dimension 
of the CMMT system i: recorded for each section of this par- 
tition and each section is weighted in terms of the unit of 
measure. Category numbers are recorded following a set of 
precise deiinition3 and procedures which have been developed. 

The third component of the technique developed in this 
study concerns a method of analyzing the information collected 
by applying the CMMT categories to mathematics passages. 
This method of analysis which is called CMMT analysis con- 
sists of a sequential listing of categories, a set of matrices 
for analysing interactions among categories, and a numbei of 
proportions based on the unit of measure. A computer program 
L s used to de termine the CMMT analysii of a passage of 
mathepiatics text from a rater's codirgs . 

The union of the three Lasic cor.ponents of the technique 
develop 3d in the s tudy is called the CMMT technique . The 
development of the CMHT technique was an evolutionary process 
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based on practical experience and theoretical considerations 
A number of existing mathematics textbooks was examined and 
tentative category systems were developed, tested, submitted 
to critical discussion, and revised. As the CMMT technique 
was being developed a theoretical rationale for the choice 
of the categories and procedures evolved 

The empirical research consisted of two related studies 
The validity study was undertaken tc gather evidence of the 
validity of the CMMI technique as a means of studying presen- 
tation variables in niathematics text. The reliability study 
was undertaken to determine if raters could use the CMMT 
technique in a consistent and reliable manner. 

In the validity study twelve mathematics textbooKS from 
grade four through twelve were investigated. The passages 
in one section of each of these books were submitted to CMMT 
analysis. A focus passage was chosen from each section for 
in depth study. Certain focus passages were used to provide 
descriptive evidence of the validity of CMMT analysis for 
describing li ;ages. Other fccus passages were used to 
construct pairs of contrived passages with common content 
but contrasting forms of organization or presentation. 
These contrived passages were used to provide further 
descriptive evidence of the validity of CMMT analysis. 

Validity was also studied in a statistical manner. 
Correlational analysis was used to determine what constituted 
an adequate sample of passages from textbook sections. 

erJc 
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Correlations of passages within textbooks were compared 
with correlations between passages taken from different 
textbooks. For all correlations made in the study a set of 
25 items of data readily available from the CMMT analyses of 
investigated passages was used. 

To determine if CNiMT analysis has validity for identify- 
ing presentation variables on whicli textbooks differ, an 
anaJysis oi variance model was used. The twelve textbooks 
i nvest i gatec^ were compared on 16 variables readily available 
frou CMMT analyses. 

In the reliability study three groups of subjects were 
investigated. These groups consisted of mathematics educa- 
tion specialists, secondary mathematics teachers, and student 
teachers of secondary mathematics. The subjects in each 
^roup studied a training booklet to learn the CMMT technioue 
and then rated six criterion passages on two obcasions 
separated by a period of a minimum of four weeks. "^vCpeated 
measures analysis of variance was used to determine if 
within- and between-rater differences existed between groups 
of subjects and to determine if differences existed in the 
rating difficulty of the criterion passages. 

To complete the reliability study a number of relia- 
bility coefficients were computed. These included within- 
and between-rater coefficients for each CMMT dimension and 
e-^ch group as well as reliability escimates for the investi- 
gator . 
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Conclus ions and Discussion 

in this section conclusions and discussiv^n concerning 

the developmental, validity, and reliability aspects of 
the research are given, 

Deve lopmental Aspects 

The development of the CMMT technique must be viewed 
with two limitations in mind. First, the technique is 
essentially new. Although similar instruments have been 
used to study classroom interaction, no other researcher 
has attempted to use such a technique in a setting similar 
to this study. Thus, the C^^MT technique is not directly a 
part of any existing theory or body of research. Second, 
the technique is largely the work of a single researcher. 
While the investigator did discuss the technique with a 
number of researchers as it was being developed, the tech- 
nique Joes not represent the combined efforts of several 
equally contributing and involved researchers. To overcome 
these limitations, a number of other researchers will have 
to become involved in studying and further developing the 
technique. A solid theoretical rationale on which to base 
the technique will have to be established. 

Before the CMMT technique can be regarded as a practi- 
cal and usable technique, researchers must deal with several 
developmental issues. These issues concern the CMMT category 
system itself, the procedures for applying the sys'^em to text 
materials, and CMMT analysis. Developmental issues lelated 
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to the category system concern the problems of the frequency 
with which the CMNIT categories appear in actual text mate- 
rials, the continuous nature of some of the classifications, 
and the mutual exclusiveness of the categories. 

The problem of the frequency with which classifications 
appear in actual mathematics textbooks is illustrated by 
dimension 1 of the CMMT system. By far the most numerous 
categorizations of the text materials investigated consisted 
of specific ard general e/.planation (categories 3 and 4) and 
exercises (category 7). The other categories tended to 
appear relatively infrequently. The possibility of combin- 
ing some of the rarely occurring categories such as defini- 
tion (category 1) and generalization (category 2) needs to 
be investigated. Perhaps rome of the most frequently 
occurring categories need to be further subdivided. This 
may be particularly true of general explanation (category 4) 
which seemed to become a catchall for expository material. 

The continuous nature of the dichotomy between some of 
the pairs of categories presents another problem on which 
more developmental effort is needed. The categories of 
specific and general explanation (categories 3 and 4 of 
dimension 1) illustrate this problem. It is difficult to 
determine at what point something is no longer specific and 
becomes general. Other categories presenting this problem 
include the exercise and problem classifications on dimension 
1 and the illustration classifications on dimension 2. 
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liffort is needed in the development of more precise defini- 
tions of the categories to overcome this problem. 

Mutual cxcJusiveness also appears as a possible problem 
in the exercise and problem categories on dimension 1. I-or 
oxampJe real world problems can be of a rote or practice 
nature and thus classifiable as both exercises (category 7) 
and application (category 8). Such problems could also play 
a role in the development of the material and thus be 
classified in category 6. Further developmental effort is 
needed to insure the mutual exclusiveness of the categories. 

A developmental issue related to the procedures used in 
applying the category system to actual text materials concerns 
the time required to code a page. The investigator found the 
task of subdividing a page, weighting the partitions, coding 
the material, and transferring the data to computer cards for 
analysis to be an extremely time consuming process. Although 
researchers may be willing to spend such amounts of time, it 
is doubtful that anyone else would. Thus, the technique as 
it now stands is limited in this respect. Further develop- 
mental effort could be directed toward reducing the time 
requirement . 

CMMT analysis also needs further developmental attention. 
The meaningfulness of the area unit is questionable. Some 
types of messages such as problems may pack much more into 
a unit of measure than other messages such as general y 
explanation. A symbolically written messag? ordinarily uses 
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Kss space than the same message written out in words. 
Illustrations tend to take up large areas. The same illus- 
tration could exist in two passages but be of vastly differ- 
ent sizes thus yielding different CMMT proportions. In 
light of this the sequential and interaction aspects of CMMT 
analysis appear to be more meaningful than the CMMT propor- 
tions. In any event, future research may lead to the 
development of some other unit of measure. 

There is much developmental work still to be done if 
the CMMT technique is to become widely used. Whether or not 
this work should be done will depend on researchers' judge- 
ments of the potential of the technique. These judgements 
should be made in terms of the empirical evidence supplied 
by the validity and reliability studies. The conclusions 
whicn can be drawn from these studies are discussed in the 
following sections. 

The Validity Study 
The following conclusions may be drawn from the results 
of the validity study. 

1. CMMT analysis can be used to describe the organiza- 
tion of mathematics text passages. 

2. CMMT analysis reflects similarities and differences 
between pairs of passages with known organizational 
makeups . 

3. CMMT analyses of entire sections of mathematics 
textbooks correlate highly with the CMMT analyses 
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or random samples of two or three passages from the 
sections . 

4. CMMT analyses of passages sampled within textbooks 
tend to correlate slightly higher than CMMT analyses 
of passages sampled from different textbooks. 

5. CMMT analyses of textbooks measure variables which 
statistically differentiate among textbooks. 

The above conclusions should be viewed within the 
bounds of certain limitations. Conclusions 1 and 2 are 
based only on descriptive information. It is the investi- 
gator's opinion that the descriptive results given in 
Chapter 5 support these conclusions. 

It is not entirely clear what the correlational conclu- 
sions drawn in 3 means in terms of sampling passages from 
textbook sections for CMMT analysis. While the correlations 
of sections with two or three sampled passages tend to be 
above .90 it is difficult to say if this is high enough. 
Conclusion 4 indicates that caution should be exercised in 
using a small sample of passages to represent sections of 
textbooks. While correlations among passages within text- 
books tend to be fairly high in some cases, these correla- 
tions do not seem to be a great deal higher than correlations 
among passages from different textbooks. 

Certain types of passages within some of the textbooks 
investigated tended to correlate lowly with other passages 
in the same book. For example, review passages or passages 
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consisting only of verbal problems had very low or even 
negative correlations with the majority of passages within 
some texts. Perhaps the average within- textbook correlations 
for the different textbooks serve only to give an indication 
of the consistency of presentation in the books. Whether 
this level consistency is important must be determined by 
f urthcr research . 

Conclusion 5 may be the most important conclusion drawn 
from the validity study. Any valid measurement instrument 
must be able to differentiate among the things it measures, 
if it is to have any use. CMMT analysis did differentiate 
among the textbooks in this study on all sixteen variables 
investigated. It remains for further research to determine 
if these differences have meaning in terms of any learner 
variables . 

In view of the limitations discussed above it is the 
opinion of the investigator that- the conclusions of the 
validity study support the contention that the CMMT technique 
has potential for. becoming a valid means of studying mathe- 
matics text . 

The Reliability Study 
The following conclusions may be drawn from the results 
of the reliability study. 

1. In terms of both between- and within-rater scores, 
groups were statistically equivalent on both 
dimensions of the CMMT category system. 
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2. In terms of both between- and within-rater scores, 
some passages were significantly more difficult 

to code than other passages on botn CMMT dimensions. 

3. Most between-rater reliability coefficients on 
dimension 1 ranged between .50 and .80. 

4. Most between-rater reliability coefficients on 
dimension 2 ranged between .75 and 1.00. 

5. Most within-rater reliability coefficients on 
dimension 1 ranged between .60 and .90. 

6. Most within-rater reliability coefficients on 
dimension 2 ranged between ,75 and 1.00. 

7. investigator reliability measured in terms of 
codings of the subjects averaged about .77 on 
dimension 1 and .99 on dimension 2. 

These conclusions must also be viewed within the limita- 
tions of the reliability study. It should be kept in mind 
that subjects in this study trained themselves in the use of 
the CMMT technique and were not requested to spend large 
amounts of time on the project. With improved training 
techniques it would not be unreasonable to expect raters to 
achieve higher levels of reliability. The slightly higher 
within-rater reliabilities achieved on dimension 1 seem to 
support this. 

The lack of differences between groups may also be a 
reflection of the individualized training and the short 
training period. Possibly no group of subjects was trained 
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long enough for ihe differences in experience and education 
among the groups to have any effect. It is also a possibil- 
ity that a lack of motivation on the part of all subjects to 
spend five or six hours on the required task had a leveling 
effect on the results. 

The reliabi li ty coefficients of the investigator ' s 
codings must be interpreted cautiously. It is the feeling 
of the investigator that the dimension 1 average estimate 
of .77 is low. This coefficient was computed in terms of 
the most frequent ratings made by the subjects in the experi- 
ment. Some of these ratings were not based on an overwhelm- 
ing concensus of the subjects. In fact, many were based on 
a minority opinion. It is the opinion of the investigator 
that in most case? where he disagreed with the most frequent 
ratings he was right and the subjects were wrong. 

It remains for further research to determine what 
levels of reliability can be obtained by subjects with 
inproved and prolonged training. It also remains for 
research to determine what levels of reliability are neces- 
sary for the technique to be of practical value. It is the 
opinior of the investigator that the conclusions drawn from 
the results of the reliability study indicate that the CMMT 
technique has potential for becoming a reliable technique 
for studying mathematics text. 
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Recommendations for Furtlier Research 
There is a clear neea for research which systematically 
studies mathematics text. Techniques for doing tJiis in a 
meaningful way are not plenviful. The CMMT technique repre- 
sents an attempt to develop one technique for studying 
presentation variables in mathematics text. The potential 
of the technique as a useful means for studying mathematics 
text is the crucial factor. Further reserach will have to 
determine if its potential will be realized. Recommendations 
for the directions such research should take are given in 
this section. 

Before the CMMT technique can be used to undertake 
studies of mathematics text, the developmental and reliability 
problems discussed in the previous section should be resolved. 
Studies investigating these problems should involve a number 
of researcliers and subjects over a period of time. In these 
studies developmental problems could be inves '.igated in con- 
junction with investigations of reliability. Researchers 
sliould work directly with subjects to determine where coding 
difficulties are encountered. Training procedures should be 
investigated in terms of what levels of reliability can be 
obtained in given time intervals. 

After the developmental and reliability issues have 
been satisfactorily settled, researchers will be able to 
undertake actual <=tudies of mathematics text. These studies 
couJd take a number of forms. Descriptive studies could be 
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carried out in which the nature of the presentation in vari- 
ous textbooks is merely described in terms of CMMT analysis. 
Comparative studies of the presentation in various textbooks 
in terms of CMMT analysis could also be carried out. These 
descriptive and comparative studies, while providing informa- 
tion about the presentation in particular textbooks, could 
also seek to operational i ze in terms of CMMT analysis the 
meaning of such terms as ^^discovery" or "conventional" 
approaches to presenting mathematics text. 

Studies in which connections between learner variables 
and CMMT analysis patterns are investigated will need to be 
undertaken. Such studies could attempt to explain some of 
the results of existing comparative studies of mathematics 
text, such as the National Longitudinal Study, in terms of 
CMMT analysis. A regression analysis model could be used in 
an attempt to identify certain CMMT patterns which produced 
superior achievement or attitudinal results in existing 
studies . 

Experimental studies could compare learner outcomes on 
text passages which are constructed to have given CMMT 
analysis patterns. These studies could search for patterns 
of presentation which produce specific learner outcomes such 
as superior performance of basic skills, superior problem 
solving, positive attitudes toward studying mathematics 
textbooks, etc. The patterns investigated in these studies 
will have to be chosen on some theoretical basis and/or in 
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lonns of the outcomes of the types of studies described in 
the previeus two paragraphs. 

l-inally, educators may wish to put a fully developed 
CMMT technique to practical use. Textbook authors may wish 
to use CMMT analysis as a tool in the construction of 
mathematics text materials. Publishers may wish to use 
CMMT analysis information to help in describing their text- 
books to educators. Textbook selection committees may wish 
to use the CMMT analyses of the textbooks they are consider- 
ing to aid them in their decisions. Teacher education 
programs in mathematics may wish to make use of the CMMT 
technique in training teachers in the evaluation of mathe- 
matics text materials. These practical applications should 
be made only after positive results of further research on 
the CMMT technique have been received . 
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I. Introduction to the CMMT Categories 

The CMMT category system is a system of categories for 
classifying messages which appear in mathematics text. CMMT 
stands for ^'Classification of Messages in Mathematics Text." 
The CMMT category system which is two dimensional is given 



below , 



Dimension 1 



CMMT Category System 
Content Mode 
0 . Blank Space 



Messages 
requiring 

only 
reception- 



1. Definition (Meanings of 

words or symbols . ) 

2 . Generalizations (Important 

rules , axioms , theorems , 
formulas , etc . ) 

3 . Specific Explanation 

(Concrete examples and 
discussion in specific 
terms . ) 
4* General Explanation 

(Proofs of propositions, 
general discussion, etc.) 



Exposition 



Messages 
calling 
for 
responses 
other 
than 
reception. 



5 

6, 



Procedural Instructions 
(Directions . ) 

Developing Content 

(Questions in exposition, 
developmental activities , 
guided discovery exer- 
cises , etc . ) 

Understanding Developed 

Content (Exercises involv- 
ing routine computations, 
practice , identification , 
etc . ) 

Applying Developed Content 
(Real world problems, 
applications of generaliza- 
tions in concrete situa- 
tions , etc . ) 

Analyzing and Synthesizing 
Developed Content (Proving 
propositions, finding new 
relationships in developed 
content, unguided dis- 

_ £overy_j_ etc.) 



Subclassi- 
f ications 
of ques tions , 
exercises , 
problems , 
activities , 
etc . 



10. Other Material (Headings, non-mathematical 
materials, etc.) 
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Dimension 2: l^rcscnta t i on Mode 
0. Blank Space 



Written 
text. 



I 1 lus trat ion 



1. Words 

2. Mathematical Symbols 



Representations of Abstract Ideas (Venn 

diagrams, geometric diagrams, mapping 

pictures , etc . ) 
Graphs (Number lines, coordinate graphs, 

bar graphs , etc .) 
Representations of Physical Objects or 

Situations (Plans, maps, cross 

sectional drawings, photographs, etc.) 
Non -mathematical Illustrations 

(Motivational photographs, cartoons, 

etc. ) 



Combinations of Illustrations with 

Written Text (Flow charts, mathematical 
tables, tree diagrams, etc.) 



The CMMT category system is used to classify messages in 
mathematical passages. To do this, the passage is parti- 
tioned into units determined by a set of rules and the format 
of the passage. Each unit is then classified with respect 
to both dimensions of the CMMT category system. The follow- 
ing page is an example of a page of text which has been 
rated using the CMMT technique. The symbol m-n recorded in 
a given unit indicates that the message in that unit is 
classified as category m on dimension 1 and category n on 
dimension 2. 
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wvrmo di^,o t^^^^ addend., we ,et th^;;;;;;;:!^ 



.:i:.xisf:s 



{ facfi exercise nuj.^r^osts nn exarnpl,. of the f 
■ order principle, f""-rrT,r--" -. ■ — — I 



[A] 



A A 

A A ^ 



A 



Civc^e 0 • i r i (j I e . 5,"- / ""f 

«->'w-.r»>,— ^. ...^ ri.M»*.„j^ , 

A I [n] Stni*t*a( 9. Count forward 4. 

St^rtcit 4. Count forv/ard 9. 



A 



^J^. CAnswor; 4 |- 2 --: A) 

'Jj-'ilA^!!^'^^^ ^ ''iion lurnf; 4'f^7t 



A 



ten, olevGn,"^ fo-'S, 
twelve, Y 
thirteen / 




exercKic 2 are tn"ierj O ~ 

ijj^j'^^ V'^tiie equations, j o 



_ . l.i 3:-, I ,17 i iO^: J.:r(n,-|.]7)7-'''- I 

(Reprinted by permission. " '^^ "~ 

l!i-:iLi^.'iJ-iJ7. ii^!l'^'JJ ^^^'thol.';;t■i(;s , Hook 4 
^iciiol 7. and 0 'barf e r'r AdHiTbn- iVcs'lcv""' 
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Publishing Company, 1968.) 
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When the CMMT classification of all messages in a 
passage is completed the information may be analyzed in ways 
which reflect both sequential and quantitative aspects of 
the organization of the passage. Sequential aspects arc 
represented by making an ordered list of the classifications 
following the natural flow of the printed material. A 
matrix similar to those used in Flanders* interaction 
analysis is used to analyze the nature of the interactions 
amonp CMMT categories. Quantitative aspects of a passage 
are df scribed by determining the proportion of messages in 
the various categories and in logical combinations of 
categories. AH of the descriptive information for a given 
passage is called the CMMT analysis for that passage. The 
CMMT analysis for the passage on page 3 follows. 
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List of Messages in Order of Occurrence 



Dim. 1 Dim. 2 Weight 

1 3 (The weight indicates 

" 0 1 the number of area 

^12 units of approximately 

'* I 3 1/4 of a line of print 

" 0 .3 devoted to each 

^ 2 I message recorded in 

6 11 the list.) 

6 2 2 

6 1 1 

6 2 2 

6 1 1 

6 2 3 

6 1 1 

6 2 1 
0 0 3 

2 14 
0 0 4 

10 1 1 

0 0 3 

4 13 

5 1 1 
0 0 4 

3 3 6 
3 2 2 

7 1 4 
10 6 12 

7 1 2 

7 5 4 

7 1 2 

7 5 4 



5 14 

7 2 8 

7 1 2 

0 0 2 

5 1 1 

0 0 3 

7 2 12 

End 



ERIC 
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i-'rcquoncy Matrix for Uimcnsion 1 



0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


3 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


7 


0 


0 


0 


i 


0 


0 


0 


0 


0 


0 


4 


1 


i 


0 


0 


0 


0 


0 


0 


1 


1 


4 


0 


2 


0 


0 


0 


0 


1 


0 


0 


0 


12 


0 


0 


0 


0 


0 


0 


0 


0 


I 


0 


34 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


1 


0 


1 


0 


0 


13 



(The entry n in 
row i and column 
j indicates 
message type i 
was followed by 
message type j , 
n times in the 
passage . Blank 
space is ignored 
in this matrix.) 



Proportion in Each Category for Dimension 1 

Category 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 




Proportion Exposition .196 

Proportion Content Development (1 thru 4 plus 6) ./^S? 
Proportion Requiring Responses in Content Development .419 
Proportion of Exposition in Content Development .581 
Proportion Requiring Responses .630 
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iTCqucncy Matri.x for Dinicnr, ion 2 



25 


7 


J 


0 


2 


1 


0 
W 


7 


23 


0 


0 


0 


0 


0 


0 


] 


5 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


6 


0 


0 


1 


0 


0 


0. 


0 


11 


0 


0 


0 


0 


0 


0 


0 


0 



Proportion in Each Category for Dimension 2 

Category Proportion 
0 .225 



1 
2 
3 
4 
5 
6 
7 



. 391 
.326 
. 065 

0 

.087 
. 130 

0 



Proportion Mathematics Illustration .152 
Proportion Illustration .283 
Interaction Matrix Dimension 1 and 2 



0 


0 


0 


0 


0 


0 


0 


(The entry n in row i and 


4 


0 


0 


0 


0 


0 


0 


column j indicates message 








type i on dimension 1 was 


0 


2 


6 


0 


0 


0 


0 


of type j on dimension 2, 


6 


0 


0 


0 


0 


0 


0 


n times in the passage.) 


8 


0 


0 


0 


0 


0 


0 




4 


9 


0 


0 


0 


0 


0 




10 


20 


0 


0 


8 


0 


0 




0 


0 


0 


0 


0 


0 


0 




0 


0 


0 


0 


0 


0 


0 




4 


0 


0 


0 


0 


12 


0 
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The information about a mathematics passage which is 
provided by CNIMT analysis could be used for a number of 
purposes invv.lving both practical application and research 
in mathematics education. 

1. CMMT provides a means for describing mathematics 
text in specific terms. Such information could be 
useful to textbook authors, publishers, and text- 
book selection committees. 

2. CMMT provides a means of manipulating and control- 
''ng textual variables in experimental studies 
using printed mathematics material. Thus it could 
be a useful instrument for researchers studying 
mathematics text materials. 

The purpose of subsequent sections of this booklet is 
to provide the reader training in the use of the CMMT tech- 
nique for classifying messages in mathematics text. Complete 
descriptions of all of the categories with examples and 
general procedural techniques are given in the following 
sections of the booklet. The final section includes numerous 
keyed practice passages which the reader may use in training 
himself in the use of the CMMT technique. 
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• i)cscription of nimcnsion 1 Categories 

• hll^V- Any unit which is completely blank. 

• '>g^i"^tion (Meanings of words or symbols.): Messages 
whose primary purpose is to give the mathemat.ical 
n.eanings of words, symbols, or phrases. Any statement 
of a definition or any description of a mathematical 
term. May be integrated into the written text or set 
off as a formal definition. 

Generalisation (Important rules, axioms, theorems, 
formulas, etc.): Messages whose primary purpose is tc 
give important general mathematical concepts, ideas, or 
procedures. Any statement of an axiom or theorem. May 
be integrated into the written text or formally set off 
as a rule, formula, principle, etc. 

Specific !£xplanation (Concrete examples and discussion 
in specific terms.): Messages whose primary purpose is 
to give specific or concrete instances of general 
concepts, ideas, or procedures. Specific examples of 
general definitions, axioms, or theorems. Any discus- 
sion or explanation of concrete examples. May be 
integrated into written text or specifically set off 
as formal examples. 

General Explanation (Proofs of propositions, general 
discussion, etc.): Messages whose primary purpose is 
to explain or discuss general concepts, ideas or pro- 
cedures. Any proof of a formal proposition. General 
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statements which seek to clarify, justify, show liow or 
why, etc. May be used to introducj, relate, or sum- 
marize aspects of a passage. Expository statements 
with mathematical content which are not clearly classi- 
fiable as 1 through 3. 

Procedural Instructions (Directions.): Procedural 
directions appearing anywhere in a text passage. May 
indicate to the reader what he is to do with a set of 
exercises or problems. May be stated in the form of a 
question. Does not apply to directive statements con- 
taining subs tantial mathematical information. 
Typical examples : 

a. Solve the following equations. 

b . Complete . 

c. Look at Figure 7. 

d. What are the solution sets for the open sentences 
beloi/? 

Developing Content (Questions in exposition, develop- 
mental activities, guided discovery exercises, etc.): 
Questions, activities, or exercises designed to help 
develop content. May call for verbal discussion, 
physical activity, or thought or written responses. 
May be designed to guide the student to discover some 
mathematical concept. Exercises or problems whose 
primary purpose is to develop or present new content. 
Questions, activities, or exercises integrated into the 
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exposition which are designed to make the reader 
participate in the development of the content. 
U nderstanding Developed Content (lixcrcises involving 
routine computation, practice, identification, etc): 
I-xercises which are clearly on the knowledg? or compre- 
hension level of Bloom's Taxonomy. May involve lowest 
level of application where a generalization is used in 
a situation essentially identical to the situation in 
which the generalization was presented in the text. 
The emphasis here is on understanding the content which 
was presented in the text. May involve the recall of 
specific information and procedures or the understanding 
of presented content with only routine alterations of 
material. May involve the use of material without 
relating it to other materials or situations or seeing 
i ts broader implications . 
Typical examples : 

a. Kxercises of a purely computational nature. 

b. Exercises intended to give practice in a skill or 
procedure . 

c. Exercises which are essentially the same as 
examples given in the text. That is, exercises 
whose solutions depend on the imitation of 
examples worked out in the text. 

d. Problems which require only a direct routine 
application of a definition or generalization. 
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Such as finding the circumference of a circle 
with a given radius. (Where the emphasis is on 
understanding the generalization rather than on 
using it to find solutions to problems.) 
Applying Developed Content (Real world problems, appli- 
cations of generalizations in concrete situations, etc.) 
iixercises or problems which are on the application level 
of Bloom's Taxonomy. The emphasis here is on using the 
content presented in the text in a new or different 
situation. The new situation may be mathematical or a 
real life or physical situation. May involve the use 
of an abstraction in a concrete situation which the 
student has not seen before. Involves the recall and 
understanding of information and in addition the 
utilization of the content in a non-routine manner to 
find the answer to a problem. 
Typical examples: 

a. Using general formulas or procedures to solve 
mathematical problems. 

b. Using general mathematical principles developed 
in the text to find solutions to real life 
problems. (Word problems.) 

c. Applying general definitions, axioms, and theorems 
in concrete situations or to specific mathematical 
models . 

d. Interpreting concrete examples in terms of general 
s tructures . 
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^"^^>^"^"^ iin^ Synthesizing Developed Content (Proving 
propositions, finding new relationships in developed 
content, unguided discovery, etc.): Problems which are 
on the analysis or synthesis level of Bloom's Taxonomy. 
May involve the breakdown of content into its basic 
elements so that relationships between ideas are made 
more explicit. 
Typical examples: 

a. Problems requiring the proof or disproof of a 
propos ition. 

b. Problems requiring the discovery of new relation- 
ships between elements of developed content. 

Other Material (Headings, non-mathematical materials, 
etc.): Messages not fitting categories 0 through 9. 
May be headings of sections, exercises, etc. May be 
motivational or historical material. Messages which 
are non-mathematical in character. 
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Notes on Using Dimension 1 Categories 

Begin by ment ^ delineating between the blank space 

(0), exposition (1-4), messages requiring responses 

(5-9), and other material (10). This will make the 

task of making finer distinctions easier. 

To rate exposition (1-4): 

1. First eliminate definitions (1) and generaliza- 
tions (2) . 

2. Of the remaining exposition, classify all messages 
giving specific instances of more general content 
as specific explanation (3). 

3. Classify the remaining exposition as general 
explanation (4). 

To rate messages requiring responses (5 - 9) : 

1. First eliminate procedural instructions (5). 

2. Base decisions involving exercises and problems 
(6 - 9) on the processes involved. Do not base 
these decisions on the difficulty of the problem 
or exercise . 

Illustrations as well as written messages must be 
classified on dimension 1. The classification of an 
illustrative message is determined by the same rules 
as the classification of written messages. If a 
diagram illustrates a definition it is classified as 
a definition, if it illustrates a proof it is classi- 
fied as general explanation, etc. 
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li. When in doubt about how to classify a message reread 
the descriptions of the appropriate categories. 



ERIC 
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IV. Description of Dimension 2 Categories 

0. Blank Space : Any unit which is completely blank. 

1. Words : Messages which are made up predominately of 
ordinary English words. 

2. Mathematical Symbols : Messages which are made up 
predominately of mathematical symbols. 

3- Representations of Abstract Ideas : May be drawings to 
illustrate abstract sets, Venn diagrams, mapping pic- 
tures, geometric diagrams, etc. 

4. Graphs : May be bar graphs, line graphs, circle graphs, 
etc. Or, may be number lines or various types of 
coordinate system graphs. 

5. Representations of Physical Objects or Situations : 
Must have some mathematical content. May be drawings 
or photographs of real objects or living things which 
illustrate mathematical content. Could be cross sec- 
tional diagrams, maps, plans, charts, etc- 

6- Non - mathematical Illustration s : Non-mathematical in 
nature and not illustrating any mathematical content 
being considered. May be motivational or historical 
cartoons, photographs, or drawings. 

7. Combinations of Illustrations with Written Text : May 
be some sort of diagram which contains substantial 
mathematical information in the form of words or 
symbols. Includes all mathematical tables, flow charts, 
tree diagrams, etc. 

ERLC 
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V. Notes on Using Dimension 2 Categories 

A. To decide if a written message in a unit is predominately 
words or symbols, count the words necessary to say the 
message. If the symbols account for more than or the 
same number of these words as the ordinary English then 
classify the message as symbols (2). Otherwise, classify 
the message as words (1). 

B. When classifying messages (3 - 7) eliminate the non« 
mathematical illustrations (6) first. Then make the 
remaining classifications. When in doubt reread the 
appropriate category descriptions. 



ERLC 
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i'rocedural Suggestions for Rating Passages 
Before beginning to rate a passage get a broad idea of 
its general nature. Read through the passage once to 
get an understanding of the content. 

When learning how to rate materials it may be helpful 
to make all ratings for dimension 1 first and then go 
through the passage again for dimension 2 classifica- 
tions . 

When making decisions consider the context in which the 
message appears. Decide what purpose the message is 
playing in the passage. If a unit appears to fit more 
than one category of a dimension decide which category 
is predominate. Do not change from one unit to the 
next when in doubt whether or not the classification 
should be changed. 

Refer back to the appropriate descriptions of categories 
and notes in sections II through V when in doubt. Use 
the rules given to make all decisions. Do not invent 
new rules of your own to follow. 
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Vil. Practice Passages and Keys 

Instructions for Using Practice Passages 

A. Rate each practice passage in this section by classify- 
ing each unit with respect to both dimensions of the 
CMMT category system as in the example passage in 
section I. Record the appropriate symbol of the form 
m-n in each unit. Refer back to any materials in this 
booklet as needed. 

B. When you have completed rating a practice passage 
check your ratings against the keyed passage on the 
page following the practice passage. 

C. Rate practice passages until you feel you have mastered 
the CMMT technique. If you agree with the key more 
than 901 of the time you should feel fairly comfort- 
able. Rate practice passages until you have achieved 
the 901 level. 

I). When you have mastered the CMMT technique rate the 

passages in the CMMT Technique : Experimental Passage 
Booklet . 
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I'raotice Passage 1 

Using the order and grouping principles j- 



Change tho: 



.order 



-Rroupin.r; - 



and the product is the same. 



Those examples h elp show hoy; order a nd grouping changes 
affect the product,) 2 X 10 X 3 X 10. 



ii Vi/e could group these: 



2 X 10x3 X 10 
20X3X 10 

60x10 
. 600 



■r^ — sr 

2X10X3X10 
30X2X 10 
60X10 
600 



Wa could group these: | We could group these: 



2X10X3X 10 
30x2x10 
60X 10 
600 



V/e could group those: 



We could group these: 



? 

2 X 10x3 X 10 

6X10X10 

6X 100 

600- 



We could group these: 
— \ . 



2X10X3X10 
100X2X3 
100X6 
600 



2X10X3X 10 
20X10X3 
200x3 
600 



Because of the order and grouping principles, you can 
multiply any two factors first and get the same product. 



Study this example. 



•niSCUSSION EXERCISES 



jl. Explain step 1. 



1 



' Which two factors were chosen to 
multiply first in step 2? 



!J. Explain steps 3 and 4. 



j4. Solve: 20x30 = |n] 



IZXERCISES 



'26'^X36^ 

(2X10)X(3'X10) 
(2X3)X,(10>00) 
6X100: 



@ 600] 



;i. Solve the equations. 



[A] ^!0x60 = 4xl0X6Xl0 = r'^l 



[E] 80X90 = 8xl0x9Xl0 = in! 



iGl 50 X 60 = ^ X 10 X 6 X iO fni I.F1 30X50 = 3X 10X 5 X 10 = |nl 
jcTcO X 70 0 >. 10 X 7 X 10 jnil [Gl 90 X 600 X 10 X G X 100 'u! 

. , , , , , - - - tm^-m-jf tm\ i ii i n [ iwjw i m . \m t ■ ii ■■■ m j i ■ ■ ow ' ■■ ' i f i i ir 1 i r~T~t~ w i--ri r r ~ • UAiMMM^^Mrw*! 

0;J yOX80r::-7X 10X8X lOr^LLl] [n] 800 X SO 3 X 100 X 0 X 10 :r-: [R 



(Reprinted by pcniiissLoii. 
LiJe jiientar y Scjiool Mathematics , Book 4, 
Ifjc'holz ancr0W)7rFfcr, Adcfi son -WeTs ley" 
Fubl 3 sh j iig Company , 1908 . ) 
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Key to iVactice Passage I 



Usin;7 the order'bnd grouping principles 



Change the; 



^orcler-^ 
- grouping' 



and the product is the same. 



o 



Theso exarnplns hel p shov/ how order an d groupinn changes 
affect the product, 



2 X 10 X 3 X 10. 



i| could groups U^so: 



2X 10X3X 10 
20X3X 10 

60X10 V"s. 
. 600 



could grou[?.^!io5G: 

— ^. 



2 X 10X3 X 10 
6X 10X10 
6X100 3-1 
600 



'4 ir 

2 X 10X3 X 10 
BOX 2 X 10 
60X10 
600 



We could groJ(Ji4l^ese: We could grouf:<:;:8se: 



Wo could groui^'i-ljese: 



2X 10X3X 10 
100X2X3 
100X6 
600 



2X 10X3X 10 
30X2X10 
60X10 
600 



We^could groupyt;;ese ; 



2X10X3X 10 
20X10X3 
200 X 3 
600 



Because of the order and grouping principles, you can 
multi ply any tv/o factors first and get the same product. 



Study this example.ic-/ 



lOLSCliSSION DCEFrJ.oLo 



1. txplain steO'A'i 



2. Which two fr.ctrrs were chosen to 
miiltiply firsV in step 2? 



3. Explain steps 3ohtl 4 



'1. Solve: 20x30 = [nj6"'^ 



*20X30; 1-1 
2) (2 X 10) X (3 X10) 
D (2 X 3) X (10X10) 
@ 6X100: 
© 600j 



;r>lv;3 the cqu:,iR!;n 



! 1'' 1 ->o X 60 5 X 10 X 6 :k. i^^^\'n!_ i [F] 30 X liO = 3 X 10 X • . v_iO==J ni 
i r I Jo X 70 -■■ ■ c ); io X 7 ■'•"* ■ ii 1] i fc] 90 X 60 J =■. 9 X 10 7""- > io6"= ;n 



j Lx; j 70 X CO 7X10 X 3 i'.;. . ' , r. bo ) [h] 800 X «0 = 8 X iC'J . v :< 10 in 



(kcj) rj iiLcd by permission. 
L] ciiicntary Sclioul Mathem atics , Book 4, 
I-.jcfioJz and O'Daffer, AU'dl soil- Wesley 
Pub i i tUiiiig Company, 1968.) 
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h Try I'iri.'iiii;: ?). 


< 

■ : '•.j-.'^fUi: 


1:1 \.'ifhout 


]) ;ncil and papor. 


«. 4 X 50 




X 800 


j c. 9 X 30 


(I. :j X 'lO 


'1 e. 7 


X 000 


i f . 8 X 7,000 


a. 4 X 3,000 


1 Ik 5 


X no.ooo 


S i. 4 X 00,000 



2. I low dooj ''Iv. /.'j -^' l'^^'^'^^^' P''o pcrlv help u s find a 



X^4,G33 - r, X ( 5,000 }- GOO -|- CO + 3) 

=- (.'i X 4,000) + (5 X 600) + (5 X ) 

+ (5X3) 

--• j:o,ooo -I- + 



3. a. Explain how c.u;h parl.inl prod- 
uct w;is fouiu!. 



1). Add to i\,r 


pi'odiicL 






d prodiichi in 





d. Add to fin.i (lie product. 



G,294 

X8 
32 
720 
1,600 
48,000 



4, In thn j no v t ('■ : ;• ■ r i '.vo j d d r):-rt^'-d prcducfa as we rnuHi- 
ply-JCop>" nii-i Cv'^uii^tCM^lic! I li'oi'I fonn ■ 




I I 



i 2,5 8 3 

X 6 

9 8 



J -1 I 
4 2,5 8 3 

__X6' 

4'9 8 



Multiidy. 



1. 3,Glu 
X5 



I 3 ■) 1 

4;2,5 8 3 

x'e ; 

.5,4 9 8 



7,02;) 
X3 



-•{. •'5,-197 
X7 



4. 9,S02 



X8 



5. 34,000 



>^4 



.'i'J; 102 } '/. S!v374 
.\T> ! xO 



3. 40,608 
X7 







(Reprinted by permission. 

Kccdy", Vt ai'."", Tloit",' Rine'hart' ah'd 
Winston, Inc., 1970.) 
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Key to 1' i'.k: Li cc i'nssagc 2 



MUI/fll'LICAT.v^vT" 



1. Try finding these products without pencil andpapcr. 



a. 4 X 50 I b. 3 X 800 '6'"^ 



c. 9 X 30 ^-2. 



<1. 3 X 40 e. 7 X 600 6"^ 



8 X 7,000^Z 



g. 4 X 3,000^-"jj h. 5 X 80,000^-X 



i. 4 X 60,000^-2 



2. How does the distributive property help us find a 
product lilcc/o/,><^>,683y|Copy and complete. 



5 X 4,683 = 5 X (4,000 + 600 + 80 + 3) 

X 6C 

fe- 




es X ^.,000) + (5 X 60£ f (5 X ) 



= 20,000 + 



+ (5X3) 



+ 



+ 



b. Add to find the prodfAjl! 


0 


. c. Find the partial products in 6-1 


6 X 42,583 f,^i, 1 c 


d. Add to find the pr^u^t. 


0 



3. a. Explain how each partial prod- 6- / 
uct was found. 



3-1 

6,294 
X8 
32 
720 
1,600 
48,000 



4. In the short form we add partial nroduct^as we multi 



ply.|C'opy and complete the short form5'f 



4 2,5 8 3 
X 6 



8 



4 I 



4 2,5 8 34-1 

X6 

98 



Multiply. 5-/ 



I. 3,691 ^ 
X5 



a. 34,0007-i 
X4 



'J 4 1 
4 2,5 8 3^1^ 

X 6 ' 

498 



EXERCISES 



13 4 1 

4:2,5 8 3/.2 
5,4 9 8 



2. 7,029 
. X3 



7-2. 



6. 69,1027,2 

X6 



3. 6,497^- 
X7^-^ 



4. 9,902 
7-1 X8 



7. 95.374, ^ 8. 40,608 
7-2 X7 



(Reprinted by permission. 

kccdy, et" al., TioTc iUnehart and 
Winston, Inc. , 1970.) 
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l*r:icticc Passajje 3 



ERIC 



A 1*i TooL lo..rfl is ciit into 3 'decos of oqial leri^^th. 



the length of each piocG, coniiidcr thn oijuation 



Solving this equation 



long. 



3 • X ^ 12 . 



we find, x = 



To find 



Hence, each piece is A f««t 



Five girl.s i.ant Lo ch.- ro 23 apples evenly. 



To fir:d the greatest 



number of whole apples each girl ci\n get, consider the inequality 



n . 5 <23 . 



Using the replacement set of whole number^, the solution s^jt io 



{ 0, 1, 2, 3, a) • 



can i^ct is 4» 



bxorciees 



So the greatest number of apples each girl 



Write and solve equations or ineqmilities to answer the problems. 



1. In 3 dc-ys the liner on which Carol was traveling stecuned 1536 
miles. 



If it st Gained the s.'irao distance each day then how far 



did it go each day? 



How many tile i^uld it take to cover th^ fJ jor of a rectangular 
room with Jength 20 feet and width 13 feet if the tile arc 
square with 12 inch sides? 



-1 
r 



rr 



J. I 

'a 
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Key to Prcicticc Passji^c 3 



U .;Uatioii:j .u luo j uJ .1 I•:'; 



0 



A 1^ Tool i :j cuJ;:\Mi.o 3 'aecoo of equal longth. 



/no ^I'^'^yi :)loco, ooa:>i(i::x* tho oquation 



0 



i;olvj.n[; thi<-7 tj(iuat.lo;i j •,-;c vj.ij x = /,. 



To find 



V.QucQ, iT.Tcjn pioco is 4^ feot. 



0 



Five girls vrir.J, to^jr./a'o i23 ai)ple3 evenly. 



To find tho greatest 



iimnber of vhole a,;nlc:j cich {^irl can (/ot, consider tho inoqual t 



n . 5 <:23 . 



'O: 



Urging the replaccuent cot of viiiolo numbers, tho solution set io 'J./ 



{ 0, 1, 2, 3, ^Yr 



Exorcl.n^s 
/ ^-/ 



So the greatest number of apples each girl 



0 



o 



Write and solve c'iuations or inequalities to answer tho problems* 5--/ 



!• In 3 6c y 3 tl.o liner on v.iiich Carol was traveling steamed 1536 



rnilns.J If it otoair.ed the sarac distance each day than how fao.- 
^"Z did it go e ach day? p" 0 




2. How many tjMo uoiil d it take to cover tho floor of a rectangular 
o « zoom vath I'lni^th 20 foot and width 13 feet if tho tile are 



0 



.,r,uaru i;tta I'.-: Inch fddc:;? 



r 
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Practice Passage 3 (cont.) 



3. How nitin^ 5 foot bo/irda can bo r.iade out of 17 boards of length 


12 fcot? 









^ If you boucht 25 hotdogs for a cook-out and oach person at the 
cook-out has to have 3 hotdogs, vdiat is tho greatest nUi-nbor of 
people you could have at the cook-out? 




5. In a dart gajne Sain scored]25, 10, 25, and 35. 


Penny scored 25, 


25, 15, and 20. ; 


iiho won the game and by how much? 








ERIC 
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Key L') I'raCticc l'a.s.s;ij;c 3 (cont.) 



3. Hov/ mny 5 foot, l.onrds cj'ii bo raada out of 17 boards of length 
d'l 12 feot? 



0 





CP 



-v. If you bou('ht 25 hotdogs for a cook-out and aach person at the 
cook-out 1l-;s to have 3 hotdogs, what is the greatest number of 
people you could have at the cook-out? 




5.C>-|In a dart gamo scored j25,f>J.O;,^ .25, and 35. | Penny ^^©(/rod 25, 


25, 15, and 2U. 


Wlio won llio gflmJ and by how much? | 


0 



/0-6 






erJc 



2 24 



rac t i CO Passat'.c 4 







^(la/it j onn :n\(] 1 nc';a-»li tion cnn bo ucod to fjolvc real wox'ld proUlcir.o* 


To do this follow tlic otcpc outlined bolow* 




1, Ex^ross the unlaiovn quantity or wliat you want to find as 


some cyrabol, say x* 




2» Using tho information {jivcn write on equation jguch as 



a X = b 



or an inequality 'Mch as 



X • c < d 



relatinf; x to known quantities 



a, b, c, and d. 



3» Solve tho equation or inequality to find tho values of x 
and thus the answer to the problora* 



Exorciscc 



Writo and solve equations or inequalities to answer the pixjblems. 




1. 



In 3 days the linor on vdiich Carol was traveling stea..iod 1536 
miles* 



If i^ steamed tho same distance each day how far did 



2* How many tile would ii uako to cover tho floor of a rectangular 
room with lon^Lh feet and width 13 feet if tho tilo aro 
squiiro with 12 Irxch ;ildos? 




t \ 4 ^ t \ i \ i n ii r i r 
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K(*y to Prnctico Passaj^c 4 



0 



b^juntionn '•■.^1 Iri'^ *1 i t i on cm ho/^^r.^] to noivc reid world f)roolcino< 



3. Solve tho equ;itlon or inequ.-lity to find the values 6f x 


imd thuo the answer to the probleci. 


o 


Excrciaes 


0 


Write and solve Ci^iiXkono or inoquolities to answer the problems. 



To do thin follow tho otcpo outli;.{f.iy below. 



o 



1. Express the unknown quantity or what you want to find as 



some 5y:.ibol, sr.y x. 



o 



^. Using tho in/^^^tion [,iven write an equation feuch as 



a •> X 4*-b2. 



or r-n ine']Haf/1rb'/ nuch as 



X • c < 



dv-1 



relatihf' x VcT/cnown quantities a, b,^C,^nd (!• 



1. In 3 days t^ic liner on uMch Carol was traveling stea ied 1536 
ailcs. If It steamed tho same distance each day how far did 



it {\o each dp/i 




How many tj lo uould il udco to cover the floor of n rectangular 
room with Iciw^th .£) feet mid width 13 feet if tho tilo are 



o<ia:iro \;ith 1 ^ inch :^ldog? J" 
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Practice Passage 4 (cont.) 



3. How iii,'in> 5 ^•'>o'^ r;!3 cm be ..adc oul- of 17 bo.-.rds of Icnj^th 

feet? 



rr: 






—1 






i 








1 


. ,1 




1 • 


1 
1 








1 
1 








0 


1 





4. If i'OU boufjhl: 25 hotdocs for ci cook-<>ut and er.ch person at tho 
cook-out has to have 3 hotdogs, what is the greatest nu/nbex" of 
people you could havo pt the cook-out? 




a o 
o o 
e o 



In a dart i;;l:.*c S^-^jn scored 



^^5, 10, 25, • nd 35. 



Penn;;' scored 2^, 



-^5, 15, • nd ..O, 



\L.o :.on tiic ;^;u ;jy iiow r.uch? 



r ^ 














IS 


5r 


zo 
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key tu Practice l^assajic 4 (cont.) 




3. How '.i-m- ^ f(.oo ..o rds c :n bo -ado out oT 17 bo,,rds of lcn£,th 
1^ TectV 



If iou boiifjl)t hoLdof:?; for a cook-out and ec ch person at tho 
cook-out h-.c to !i.ive 3 hotdo{;s, what is the greatest number of 
ncoolc you coii] d h.^ve ■ L the cook-out? 




0 



0 



. ^.|In a dart (j-..c scor. dj;^.^, lo/'H?; nd y). Penni' ^c(/rcd :i5, 









IF 




25* 




IS 
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30 



Exptorinrj Itleo^ 



Ordered pair^ 



CAIMT AL, C.TM.N 

Paris 
Ouawa 
^Madrid 



coi'NT mis 
Norway 
France 
Spain 
Canada 



or sonic lime now you have been studying 
sot'; a nd condition*; In this lesson and in sev- 
eral of the lessons thai follow, you will apply 
what you have learned to sets and conditions 
thai (hlTer in some ways from those you have 



m is the capital of n7^ 



alrc.Kiv studied. 



A IahA at dI. 



riiink of the capitals whose 



n.iincs are listed in nl as a ^et of cities. jNanic" 



o2 



Paris is the capital of /?. 



!his -A-t of cities set A 1'ahulatc a7 | 



R 'I'hink of the countries who\e names are 
listed as a set of eounlric, Name this .set of 



countries set B 



"alnilaie 1^ 



c Is it possible to decide whether the idea ex- 
i pre ssed by the sen t ence in d2 is true or 



false ?| Explain your ansvt^er. 



0 How many diflerent varia bles are there in 
the condition expressed in n2?| I low many dif- 



fcrcnt variables were there in the conditions 
that you studied in prcvunis lessons? 



E You will use the members of set A as re- 
placcmeiits for m in the condition expressed 




ni is (he capital of Spain. 



Paris is the capital of Spain. 



H When you replace n by S pam, you obtai n 
the condition expressed in d4. Is it possible to 



in 1).^ |\Vhy can you us-: I'ai r. as a replacement 



for /M?jWhy should '/ou i u>t ns<* Spain as a 



replacement fov nil \ 



H When yon leplacc nj by l\aris, you obtain 



the condition expre *>scd in t)3.| Why is it not 
possible to dcLide whciher th.e idea expressed 
hv the sentence in \)} is (i ue or fal.^e? 



(iecide whether the idea express ed by the sen- 
lence in d4 is ttue or fal.se? Explain your 



answer. 



I When a condition contains tw^ variables, 
must you make a replacement for each vari- 
ablc in order to ol)tain a statement?) 



J Now replace m by Paris and /; by Spain. 



Do 



you obtain the statement expressed in i)5?i Is 



o You will use the nicniheis of set B as re- 
pIaL(;mcnts for // in ilv.' ((iiulition expressed in 
i)2JV/hy caii you u>e Spaui as a replacement 



IllIJlll ^'^y should VQU not use Par is as a re- 
plac<.Mnent for 



the statement true? 



Yoii used I\aris as a replacement for ni and 
Spain as a replaceme nt for /j in the condition 
'"fh is a capital of Notice that you used a 



pair of objec ts to obtain the statement e x- 
pres.sed in d 5.{ 



(Reprinted by permission. 
?9>'JJ?^ MciJ:hcnia t j C5 , Book I, 

Vahljigen 'ct al . , ' sTbtt , F o"r s in a h'^aiid 
Company, 1962. ) 
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Key lo Practice i'assage 5 



o 



30 



Ordered pairs 



CAIMTM. ClTir.,S COUNTKIIS 

Paris Norway 
Ouawa ^"^7 France 
.Madrid Spam 
Canada 



ji or sonic Innc i 
vols and coiulilion*^ In iliis lesson and in scv- 



now vou have been studying 



oral of ihc lessons lhal follow, you will apply 
whal you iKWT/carnccl lo sets and conditions 



m is the capital ] 



c lessons 

lhal dilVcr in some ways from those you have 



d2 Q 



alicadv siudicd. 



A LoGWal ol. 



Think ^^'-Mic^papiials whose 



nam es arc lislcd in o\^> :-c l^)T cities {Name 



ihis sci of<^kf se t aT| raj^ 't^flc A j 



B 'Ihink of ihcvvoujuncs whose names arc 



lisied as a scl oT'countiics Name lofT^sct of 



counincs sei B 



Paris is the cafffri/of n. 

d3 0 



m is the capita! ^£»jpain. [ 



d4 



C Is il possible to dcclc!t.^wyc(hcr tlic idea ex- 
• pre ssed by (he senu-nce in d2 is (rue or 



fake 7 Lvplain you ^'yrr^^wcr.| 



Paris is the capit;S^$prin> 



D How many dilTcr^mt jVari;iblcs arc ihcrc in 
ihc condilion express I low n\an> dif- 



o5 



fercnt variables wery liicrc in the coadilions 



ore, il|crc 

ihat vou siudicd in nicvious lessons? 



0 



E You will use the-.[^nc^iibcrs of set A as ro- 
placcnKnls for m irr ilL- condition exprcs<;ed 



m 1)2 Why can you usr>'-\?ris as a rephiccmcnt 



for ml Why should > ' ">tj not use Spain as a 
replacement for /;?? { 0 



F When you rcphw. '/^by Paris^ou oblain 
,. , — 



ihe condilion cxprc>sccf iii oB^j Why is it not 



possible 10 decid"' whx'lher the idea expressed 
by the senicncc in i)3 is irue or false? O 



H When you rc^ace./? by S pam, you obtam 
the condilion ex[^cssxd in d4.| 1s it possible to 



decide whether th^^(|ca expres sed by the scn> 
tence in d4 is true or false? | E x {^fri/i your 



answer. 



I When a condition coniains two variables, 
must you makco'*r/placement for each vari> 



able in order to oblain a staiemeni?| 



O 



Now replace m by Pii^'/i^d n by Spain. 



Do 



- ■ ■ ^ - n — • ■ — 

you obtam ihe sia^^ fr^ynl expressed in D5?i is 
the staicmer;5tr/ie? [ 0 



G You will use iha^mcmbers of sot B as re- 
pla<.cnu- nts for // irrfho toiu iilion expressed in 
!>2,J " V/itv can you ir • * f>am as a replacement 



! 'or //'j Why shoul' .v: . ; not ikc Paris as a rc- 
accmcni for /?? | y) 



You used Paris as a replacement for and 
Spain as a rcplac'SfTc ft for /; in ihc condilio n 
'V;; is a ca piial of ///' |No{jce ihai you used a 
pair of object s to obiam' ih c siaiei 
pressed in o5 



alemcnt c\- 
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Pi^ictice Passaic 5 (cont.) 



K' 'iliC Uist ol-yjcci )» pur, I\;rLs,, is llic 



I. I iic \ccontl ol^jcc: oi ihc p,iir. Sjxun, is ilio 
\rC()!ul ( oniponcnf of lii* f.ji:- f 1 \\c s0Cv>iui com- 
r>iM)C{U IS a lUcnihLTiM ^\\\,\\ nci? 



In liu; c\c(CiNt:s aUuvc, you used a ciiy lor 
ihc first componciii jiu! a coiiniry for llic 
s>H:on'l componciU ( |>.ii r (M'oi)iccls.p ^ pair 
ot ol)jc\;is v/liosc conipoiv n % occur \ u a sp ecial 
ordor is au ordered /fair, j 



M Look .11 i;6, Nolicc iiuK ilic names of the 



componcnis of tlie ordercil pair Paris, Spain 
are wn n cn within paf i'nilK'scs.n>6 also shows 
Uow 10 iea<l and v/riie name of this ordered 



N '1 li K^k about ihe c oi uhiion is the capital 
of /i.'j When you replace m by a member of 



the name of the rcplai i mcni for / ;/ or the name 
of the replacemenl //"/j 



i» VVhic!) of il:o statcp ^^- 't_yC M^ro s seJ in o7 arc 
true? f 



Q What ordered pair., w ea: u^:cd to obtain true 
scU'jmonti'^ 



R Rr.id the symbol, (l\nis, Norway) and 



- {Piiris. Norway).! How do the ideas cx- 



" I he orde.cd pair 



fir\( ioniponciit ol ll.o j .ai | lijc hrst COi npo- j ' 
;,enl Is a mcnnvr ()l w L.h :»el ? F i" 



( Pans, Spain ) 



wiiosc first compCiKnt 
is Paris and 

whose seeond component 
is Spain'' 



o6 



{Paris. Ottawa, Madiid) and by ^ member !; 
of (Norway. France, Spam Canada), do you ^ I' 
obtani a statement? I Ho the sentences in d7 
expies s all the stateme nts you can obtain? 
o I'or each statement t:\pressed in ol, v/ritc ' 
the name u{ the ord<Vi'd ])ai r that w.is wed to ^ 
make replacements f wiiiLh c.o you wrice first, 



A Pans is the capital of Norway. 
B Paris is the capital of I'rancc. 
C Pans is the capital of Spain. 

0 Paris is the capital of Canada. 

E Ottawa is the capital of Norway. 
F Ottawa is ihe capital of France. 
G Ottawa is the capital of Spain, 
H Ottawa is the capital of Canada, 

1 Madrid is the capital of Norway. 
J Madrid is the capital of France. 
i< Madrid is the capital of Spain. 

L Madrid is the capital of Canada. 



o7 



A-{l. 2. 3, 4). 
B = (2, 4, 6K 



d3 



^or df t{i^\ p gir (/tA I ;i (j [)jr\J A pair of ol)- 



cotnpoiu Tt (Iv'Oi,) y r.->')t) ctj ;hc ordered pnir. 



tfompononf ol the oidcrcJ pair F 



me conditions that 



jvT^ .^:;.cd b y th^ sc sv inbt'ls rlinVr ?} 

N ^ n 

1 ^ ow you will MiiuV r.M 
r.)r.c('rn numb :r;iJVou v/ill ai.,o ieai n about or- 3 Also read the tabul ati ons of sets A and R ir 

DS.jYon will tisc^io mcnibers of set A as re 



:iien: ^ arc nnnibers. 



I i^'"'^^^ ^/lU^.o_con. 

r ^'^'-^ ^ I' n;/';u' . .'e m i>K.jWh.u are the 

van.j.ic., n\ li.e eor.a.'"j >ii o.pre^jLd by the j meniberj of set b as rephicemcnti> for v i: 

J J — — J . i c — 



placements ^,^1^^'^ ^^'^^ ^^^^ 



BEST aVAILART.E COPY 
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Key to Practice Passage 5 (cent.) 



K Ihc lirsi olv^ci^o! liic i).iir. Pans, u ihc 



noiU IS a lUciuiKr o\ \ Jr j s ol 7 | Q 



L The second ^bjcci oi the p:iir. Spam, is i!ic 
\i'Con(l coniiwiicnt ofihc pair. The second coni- 



poacm IS a member o\'r>v.ai sci? 



In ihe exercise^ ai)ove. you used a eily for 
liic lirbl eomponenr^irrcija country for ihc 
second co mponeni c '.. p;ur orobjecls| A pair 



ofohjcels whose c^vapone nis oeciir \\\ a special 



M Loo -n^? i)6.| NoUce ihal ihc namcb of Ihc 
componenls of ihc or^e^.^lxi pair Paris, Spain 



.irc wnlien wuhin parcnihcsc s. d6 also shows 
iu)w 10 read and wnie the name of ihisAndercd 



pair. 



N 'Ih mk aboul ihe co r. 'r:^f >n is ihe capiial 
of /?/'] When you repLiec ni by a member of 
{Paris, Ouawa, Mad; ..vj-rfjxi /; by a member 
of {Norway, PVancc. Spain, Canada), do you 



oblain a siaiemem Do 



express all ihCsMlemcni 



s v^^w ca 



nlencos in d7 
m oblain ? 



o Por each siaicmeiu e'xpi^yu^ in d7, wrilc 

ihe name of ihc ordered pair ihai was used lo 
r ' — ' 

make re])lacemcn:s. 



Which <J^^y|^^' wrilc first, 
ilic name of ihe rephieem eni lor m or ihc name 
)f ihe rcplacemenl fo r /??( 



? Whi ch of ihc siaic. s expressed in d7 arc 
true? 



O 



Q Whai ordered pair;><» c.e used to obtain true 
siaiemenls? 



R Read ihc ;vymbols (Pans, Norway) and 



i (Pans, Nor\V;i\f).} \ jo il' 
p ress ' -(i by ihcve syml-n U/dni o; 
X ri 



I he, ideas ex- 



0 



I^Jdw you will study s()m(:^t lTrfuh iions thai 

conr.'i n numbers will aiso.le:un aboul or- 
1 

dcred i^ atrs whose comi^or.ents are numbers, 
A Re. ul ihc open^.K ^^ncc m o_SjV/hai are ihc 



" riiC oidereci pair 



whose fit si component 
is Paris and 

whose second compoiicni 
is Spain 



d6 




A Pans IS ihecapilal of Norway. 
D Paris IS the capital of l*rancc. 
C Paris is lhccaj')ilal of Spain. 
D Paris is ihe capital of Canada. 
E OiUiwa is ihtibapiial of Norway. 
F Ouawa is ihexap'ial of France. 
G Ouawa IS the capiial of Spain. 
\\ Ouawa is the capiial of Canada. 
I Madrid is ihe capital of Norway. 
J Madrid is ihe capiial of France. 
« Madrid is ihe capital of Spain. 
L Madrid is the capital of Canada. 



o7 



A --{1. % 3, 4}. 
B = (2, 4. 6)., 



Of il ofoci p ni r 



(i componOiil Ol llw CZiWrCd J).ilf. 



variables m the coiu litiOw I -.pressed by the 



sentence?! 



O 




^ ^'^^ 0 re ad the labL ..; VtOiV) of sets A and B ii 
i):*.fYoi'!^wj!l Use the members of set A as re 



plae: mcnts W>r.\v ii^-rJ Yo^u wyll Ui^e il 



inemK Ts o t' set B as replacenfems for y ir 



.ic I i CO l\i:.s;!^^o f) (com . ) 
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Uvt> ^ in.iMcv. you iMii i ru kc i cplacciiicills for 



' U>u' m.MW variables ^ [ 



0 Do (he sentences m o9 express all the state- |j 
mcnis thai you can obtain from x<y when 
you use the members of set A and set B, tabu- 
l.i ted in oS> as replaeenKMUs for v and vl 
E Ihinkof ihesialenieiii expressed by the first 
scnicncc in o9. (1,2) was used in making re- 



08 



piacvnicnts to obiaiiv this statement Id 10 shows 



.t short and a^nvoniom way to read and write 
^e name of (lns ordered pair.j 



1} 09 



^ ^.^^'''^ 1'^^^' d)o' siatements expressed 



!)'> 



m 



1 or eaeh slaiemcni, name tl\e ordered pair 
tiuil was used in ni aki n;; replace ments for v 
and I- P ~~ " 



(1.2) 



*'Tlie ordered pair 



o Wiueh statements expressed jn o9 are true? 
What oidere d pairs w eic used to obtain true 
st atcfiK-nts? P " ' 



The sentences 



A* 4 v=^-4 and A--t- v--4 ex- 



press two conditions} How many dilVerent 



v anabies are there in each condition ?[l{owdo 



the two conditions (Ml'er? 



; 010 



one, two" 



Fo\ir con ditions are exp ressed in exercises 6 
through 9,( Usc the members of set C, tabu- 
lated below, as re placements for x\ Use the 



In this lesson you have learned that ordered 
pairs arc u sed to make replacem ents for two 
variables. 



membeisof s et D, lal)u!ate d below, as rephice- 
mcnts for )' f For c:\ch exercise write sentencesj 
to express all the state ments that you can ob- 
tain from the conditionjThcn write ^T'* afterl 



Oi\ your own 



Write a name for each of the ordered pairs 
( 1 s cribed in exercises i throw pji S. ] 



) Ihe ordered pair whose first compor;ent is 
Mark Twain and who^^c second component is 
T f)m Sawyer \ "~ " 



each sentence tha t expresses a true statement 



6 6H- 



y A- + 5 < y 



C - (2, 4, 6). ( D = (5, 10, 15). 



e A + 4 = y. 



9 V> A-+ 1, 



^0 In eacl\ ordered pair expressed below, ihc| 
^ee^^nd c omj^onent is 3 times the fir st compo- 
: ! L nl.jUn'' of the cortiponeais is missing jCopyj 



eacli symbol and supply the name of the miss- 
in(; component. 



) (4, ) ( ,9) (2. ) ( . ? 



24) 



n In each ordered pair ex|)resscd I elow, the 
i'ifst C(^inponeiU is 3 than '.eeond eonv 



2 The ordered pair whose first component is 
Mary atid wlipse second eomj'joncni is ^'uitar 

3 The ordercil pan uhose first component is 
I' ^'^and whose se concjeomponent is K i\m. 

^ T h.e orc'ered |)air wiiose first compoi^^ jponent.? () ne of thc'T -om pone'"s is \w\^^ 

yilll'llh'ill^y^^^^^ component is 14 i jCopycacli symbol ar ul supply the name o7I1k| 

5 Ine ordered |)air wIjosc first component is snAsnv^ <\)fnp oncnt. j 

{ j'^. TT'is) (12, ) ( . 29) rjT 



1 aiid whose second coiiM)onent is 13 



ERLC 
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Key to Practice Passage S (cent.) 



Uvo \ n:.ii^'os, nu ,,'5' ; r; »!,u.vir.(;iUs for 
how T. 'sv, \m:i.;'m.*/' I 



D DoihrM-:'? fl^c^^n|/> i':'*ss .il! (ho state- 
mcnl'. ili.it yn\ cm i»; ( 1;' jri)ni .v < j' when 
yoii u^c liic iiu'iirv'js m: ' -r/v .mJ sot talni- 



(I, .'. 3. .11. 



M d3 
I' 



o 



t I liinl. i)| ihc Nl.uci.it ju o\pu ssfd oy the lust 
scDi. in n'J. (I,?) o.r'-' '.fi ,;i ni:i!jn;; ic- 

•J slnni ,iiul i.y.Mnci,uni |i> rcai! ,uul wiiic 
tij.U w,ts Used HI Mi.iLjii«'. 'r.;p!,u'i:ni':nts for v 



^ <-i. 2<;i ^, ^ <2. 4 <2. 
1 < 4, 2 < 4, i>-0l3 < 4. 4 < 4. 
I < 0. 2 < 6. j < 6. 4 < 6. 



dV 0 



0 



he ordc>crt,1 pair 



0 



o Wii!cii s(.ilcn:cnts :\pi\ ,.y:(| in o9 arc truo? 
V«^Iku uidntvi p.nrs •'-";s"/j to otilain tnic 

■ pr^' ^^ '.'lulni'-ii- j~i l()w^ni;ii^,y diMi-icnt 
v.Ui.t Mc> >trc tluic in vM^. 'j -<>:.(N(i(>n low do 



DlO 



the IV o (:ondni^,\);i^Ji;]". • j q 



In (lus losson you \ ! aincd thai ordcicd 
\)Mis lie used lo iji.'.v. (I j'la<:enients for iv/o 
v.irj.ii)I.s. J 



liom-.con ditio n:. au t-Aprcsscd in exercises 6 



thr(3u): h 9.iUsc th u ^idK-rs of set C, tnbu> 



iated below, as up.a ■ jMi-nts for .v. Use ihe 



ni':mi)Of;>of set i (C(! i^elow, as rephicc- 



mcnts ioi ' v.\ I-oi c.u 1; n^kisc wriie sentences 
(o cxpic:>s /dl (ho sr,;;.<.r A'Hts (hat you can o b- 

i£itdii!»*ii j I l.cnjvriie "T*' ah 
o.w li Maiien: e ili.M e « '=o\ :AiTif .statement. 



j;/J2r{ r i;: 10, 15}. 7^2. 



V/i};e a name for 1 ■! r.i t\u, oiAi red p.airs 
dev rihcd n i c\<M^ise> I diioixdi 5. J ""7)' 

) ordcj,'.d r.'air v.i.i-,*. m 4 eoinponeiit is 
Mail, hvam .•. iiu ^ .*«»iid ioJi^non<,n'. i*: 
7onj '^<'^ ^'y('fj[ ^ 



to In each orr,;:c.^ p .ji e.\f)rcs:>ed below, ihc 
jC' Mnd compoi: lii ts lir-cs the first conipo- 



'i I .he order d ) 'in lir.i <\>rnp(>nent i.s 

3 1 ;»■: oni p.' i ' i : l:r t ^^,:npoi^Mjt Is 
i.r.:'''^' ''-'ho\c !id • >.a'!'o;;'*nt r I'.m 

1 l\u: (Md<:r*; I ■!. • . « • ' ;jj-».r ciMiipoj^ent k 
I ■. Md vd: . , ' . ( 14 | 

' « ' * "id f ' <jr \ . l i t cw.'i»p.onLni is 



^'^/IJL.'^ lis is n) :^^inl^|Copy 

each i>yn ' and raipp'y {] e name of the miss- 



CP 



r:\ ) ( , :>4) 



n ii: each oi-'-.^d pan o\pre'^\eij helow, (he 
lu St (;o.np(Mit^!d is'li i/.cfe l!ian i!' vceond eoni- 
p.>;:vU^r.n" ot (Ik; iM i>i^.'"'s IS niissinu. 



C'opv "'iCii s/: d)'. i ^\\\^\^lyJ^u* nan^e of the 



ERIC 
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I* racl 1 CO i\'r;s;i[;C 6 



Graphing Linear Inaquolities 



he ':r.\ph — 4?/ < l:^}is tho se t of pom Ls whoso coordinr.Les 

s:r"-fv the !:^or;i;a!{ty.j Below is a method for r:raphirm an inecj^aITrv7 



EXAMPLE 



Graph 3r - 4;/ < 12.1 



>^ Graph tho M;;!a:ionl3r - = 12. 



X • 0 


4 


- 4 


! _ .... J 


0 


- 6 



'L 



■ I I 0 



Use a dashed line to represent the 
jxrap^^ of the line, as shown at the 

£htj 



1^ Points on one siJe of the line have coordinates hat satisfy 3x 
A)/ < 12. { Choose a point on one side of the line and see if its 



coordivnU''' ^^nh^fy the incgnalitif. \Do the coordinates of A -"satisfy 



.V-4;/<12? I Is 3(f;) - 4) < 12? | Is 18 -f 16 < 12? 



Phen A is not '^n the G:rar)h of '-Ix — 4?/ < 12. Do the coordinates 



of B satis! y|:>.r - ■!;/ < 12? | Is 3(" 4) ~ 4( - 1) < 12? j Is ~ 12 



4 < 12? {Then B. is on the k^raph of|3x - 4?/ < 12. 



^ All points on the same side of the line as B have coordinates 
^hat satisfy 1 3r - -h/ < ]2. \ Shade 



this sidr of Ihr linr, as shown at the 
rif':ht. I (ljo!s are too dillicult to do 



by ha?id . ) The [)ortion shown .shaded 



rc[)resf'!)l'. ■no h : df-plar'.o that is the 



w aj>h ofj> i/ 



- 4// < 12. I It extends 



indefinitely upward to the left. | The 



dashed litie is not part of the ^raph 
of the in(,H|ua!ity. I Why? 



because the boundary of its ^raph Ns a 
str ai^^ht line.! 



Y 



•0 -6 -4-2 



>-t- 



i-4-l-! 



#±4 



rxr.tt 



(Reprinted by permission. 
(*on U|.M.o \ b ly A^U'.cb )*a , Book i , 
bmi t h 0 1 a 1 .' , 1 Fa rclD I i r t V '^^r ace and 
World, 1962.) 
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Koy to I^ractico Passage 6 



Graphing /./neQ/.:LKr./ /ao//7/'e5j jj) 



y.-/ h(* I'niph o f]:!. < I2\\s the set of pjirrjs whose coorc.inates 
"''J)-^*->:Uisfy the inc'C ! u:.i>tv.i Below is a method foijf-^riphin^^ an ine(]uahty. 



0 



X :^ A I 4 I ~ 4 

_ ■'5''. f.' 

?/ 3 I O" I - 6 



:;q:i4q::l.]Y+:-;:H:, 



I 



-r 



;-6 

-A 



-i-H-0- 



rTT 

in 



"l I 



0 



Use a dasiK'd-!ina to represent the 
praph of ib.!^ 'tin c^ as shown at the 
ricrht. f 



0 



i'oints on on' "vide of the line have coordinates that satisfy 3z 



>'Zr- < \ '>. t Ciioos\ n tvoint 07i me side of the line and see if its 
coordivo!('r s'liis lj / liw ihegmliti/. jfPo the coord i-,-ir>?cs of A satisfy 



:ix 6". .-,'-< !•:? { Is 3(B^ -^^'/p-^- 4) < 12? | Is 18 4-6>8"^ 12? 
Thon A isrt ;t m r.-ir'- - j-anh ofj^r — 4'i<112. | Do the&c;^rdinates 

12 



of H ^ttt *.-.fv!:; r - Af . -^jj'Z'! |ls3(- 4) 1) < T2?)Is 

g.-'-'-^ l2?Vrhoii iriTo"i.''>h(? (g-aph oflSx 12. j 



0 



^ All points on the sa me s^lTT^f the line ns B have coordinates 
that 5;;it.i^.fvr:T7^7<s7/r 1'2. t I O 



}>idc of 'he lini\;Ki)lMo\^n at the 
rii^^ht. t (i ^ ;ire r r vailiiciilt to do 



?)y hand , j 1 j)0r5i.'»n -shown shaded 
ref>rr»(-nt'> ' i.c h.:Mf-]-!:u'/* that is the 



rraph oiy.\.r —^4?/':^' 12. { It extends 



ln^^'finit('lv \JF>v^'vr (''' ^\/the left. { The 



dash^d liM' • ,noi p'lrt of t he ^raph 

of th^ inw;t'r>fiLy. sl'^^I/yTj^ 



o 



Y 



B -6 -4 -2 



!;<.-<':ui:,o l.iu- 1; 
■>!.r:ii;^ h'. lincf" _ 



i ' ;s, litirtii- ittr<iu<ifity 
.) : idary'oT' iLs j^raph ^is a 



0 



0 
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Prac ( i CO Pas^sage 7 



iheorc;a 1; 



Ix .'i ij a line in plane Tf then there is a poiai jn iT 
which is not in m. 




A 



Suppose in is a li^ic in plane • 



iSy ^cio.T l(a) there is a line n in 
vdth 



By AxioTi l(b) there rire 



\:c \ ould have 



= n 



distinct points A o d 3 in line n. 



Now if both A and B v;ere in m then 



v.iiich ir, lot •fcno case< 



Hence, at loar.t one of the 



rv^!ntr: A or b Id not in m. 



Tliu.'3, wo have the above thoore.ru 



Vheore i 2: 

T 



There are at Ica^t three non-collinear points in a g±y/en nlnnc. 

By Axiom 1(a) there exists a line m 
in a plane 'JT • 




ii^ Axion l(b) there 



are distinct points A r.nd 3 on ra. 



By Ihcoreia 1 there exists a point C 
in plane *Sr but not in line m. Kence, 



wc have our second theoro:a. 



Xhcore.i 3* 



xvjo distinct lines can not have aore than one point in co,imon» 




Let in and n be two distinct li..es m 



a plane HT* 



We know yuch li.ies exict 



by Axiom 1(a)* 



Assume there are two 



distinct ooin^i 



H and B m ^ n. 



A a d 3 so tha t A I? m /J n 



Then m and n r,ro tv^o 



dlf.tinct ILnor, each coao'^irang points A and Bo 



But, this is- impossi 



j /orjo^ j Hcnoo, the above assu;noLiori is i..ipossible 3\d we hc':ve piwen 
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K(^>' to Tract ice Passage 7 
P*:)0 le ho';ic\il Con. 4 



^ '11 on; 



0 



If :rik'i^C*4n Une m piano then ihcvc is a |;o:.*l in ff 



\;hich i:. not in 



in. p 




^ I ijy /uaora l(a) there i^: :. ii^Vi/ in 



A 



vlth 



3y Axio"; l(b) there r-re 



I distinct poi/ilG A j d LI in lino n. 



v.luch i:;*'.;ot V/nc case. 



i liow if both A and B were m m thca^A^^ 



r^omls A or 3 ^ .ot in m. 



Thcore.i 2: 



iicace, at Ica^c. one of 'i;e ^\^^ 



Thun, uc have the above *r^f^/rea. 



o 



There arc al least ihrcc non-collinear points in ^ given plnne. 




By Axiorn l(a) there exists a line m 
in a plane ^iT . 



iixioa l(b) there 
aro cTistinct points A r>nd B on ra. 



By Thcoroin 1 there erists a ooint C 
in plane'Srbu:^ no^ a.n line m. 



we have our second Lhcore.n* 



Thcr-^re^i 3; 



ilence/^^^v 



iV,o Jlutinct ii^nccv, can not have aore than ./iC point in co.'unon, 
o^'v 




• Let In and n bo two distinct li.iCs 



a plane TT. 



We Icnou suci? ll.ics exict 



by Axiom l(a), 



Asr.i.'.ie there^-^oi^^ two 



I dir/./wjl ooin 



: and B m f"? n. 



A a d 3 so Lr.aL Affmfl n 



Thct m nnd n are tvo 



distinct lines crjA corti,."ir iiip^ points A < liU b. 



But J tlas L'l; impossiole b> 



il:d.o\2. j Hence, tlie :ibove •.^r-'^ >tion is j ;.:poGsi.ble a;.fl v;e h/.ve proven 

'J ' *- - ' — — 

Tlicorcr.y '3. I ,f:4 
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Practice Passage 7 (cont.) 



VhoorcM /,i If A ■ >Gi.,L in h pl.-inc VT ..hon Lhv^ro ijj :i."ie in C 
ul.icli doc:; not contain A. 




Let A oe rvrii point in CiT . 



Axiom l(a) 



there ere two distinct Ijnes n a d n 
in T? . 



If either m or n does not 



contain A tlicn the i^heorem is true. 



Suppose and n both contain A. 



:hen 



there exiat points 


13 and 


C vath B in m, 


C in 3 ^ A, and G ^ A\ 


'b\ Axiom l(o). 


Furthermore,! B ^ c|by Theorem 3. How, 



there is a line 1 containinc B and C bj. Axiom 2. 



coniaxn A since if it did we would iiave 



wnich ^s inpocsible. 



Exercises 



This line 1 can not 



A, B, and C l11 on 1 a::id 1 = . = n 



i'hu3, we have established the above theorem. 



?rove t)ie foliov/ing theore:ns. 



1. Thcore.i 5; If A is a point in plane then there are at least two 
lines in IT each conlai o.ng point A. ( 



Theorem 6; iliere are at least three non-concurrent lines in plane fT . 



3* Thcore:n 7: If each of two lines in,tr is parallel to the sa e line inW 
then they are Parallel to each other. 



4. Vhcorcia 3: *f :n is a ^y line in plane 'ff then there are at Icact .vo 
poi ts in W v.'hich are ' ot in line nu 



5. Tlieorem 9: If A is (^jny point in plane It then thoro arc at least tuo 
linen in ft which do not contain A. 
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K'^y Lo Israel I CO Tassa^^o 7 (cont.) 




Lq 



est A oc -y.i: ^f)T^:t in 



It, 



there r.rc I'.o diijUnct lines 
1.-.. t? 



If eitner in or n docc not. 



{ Siippose and n ooth .-^-'rr. i^n A 
there oxict'noxiitr; 



-ro IS a line 1 conUu:dni; B and C b; Axion 2. 



^ in n, B ^ A,%,rc a\ 


o:, Axio^^f(o). 


Furthfer^ore,! ^^^^T^clby Theore^ j. How, 



Thi.; imc 1 can not ^-j 



^onr-..r. /. ranee i£ it didMrJ u onl6 navo\A, 3, and C cdl o^^t*^i.d 1 = : = r' 
v.-.dch is i..ro<^nl;iolo. 



i'huG, wo have escablishod the above thoore.n. V-J 



Prove t.i;G roliovinffCiicoreias 




Thoorcn 6; There nrc at^^st three non-concurrent lines in plane Tr . 



^^•^^^'^■•^'7: If each of two lines in.Tr is pamllel to the sa elinc in' 



then they arc nirallel to each other. 



° - '-s ^''y i, plG.e -Sr then there are at lean ivo 

I r -Q^- in \'hich are o-o in line a. 



|_J^__Thcoron 9: I;: A ,3 .-ny point in olane 1V then th.re are at .eact t.o 
1 ' 



(2P 



liner; <n v;hi.fh do not contain A. 
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U 




iij Axio:.: l(a) ihcre 13 li.-e n in 



\vlth n -ji 



3> /udorr. l(b) .here ere 



ciisilnct poir/v^s A ar.^l j in line n. 



IIou if joch A and 3 wore m then 



vAUrh 13 not, the cnne. 



' l: a or j ir: j^:. in 



ii.tiwroi.v It 



lcci<:t one of ^nc 



Thus, v;c h:ive the iollo^.^.M^; iheorem. 



It m i.s a line in plane Ti .hen Uore is n point ml,? 
v/iuch J, 3^ no*', in 




Now, by A-xio:n l(a) there exist g a line 
m in plane "it 



by Axio.i l(b) there ! 



arc discinct points A and B on 



our ;:cccnd thcoroM. 



By theorem 1 there exi::ts a po^ .t C 
in plane out uoi m line n. 



:.encL.^ 



Vl;»:onM There ..re nt ie^^it throe r.on^collinear points in a civen plane. 




Lot m t\ x\ n be two distinct lines in 
a p:-r.ne 77. 



Vie knov; such line^3 exict 



6 ^ I 

1 b. A:cLoni l(a) . 



AscUi7.o there are tuo 
(UsLiiicL noin.3 A nna b so oli^itL 2 :n A 



I,. 

I 

1 



ri and r; m A 


Then atid n are tuo 


'^olnLs A M d D. 


ijiit, tlij IS i... .0. siblo 



-l',Ll-L'l r^'^ ' '-^'^ ^'-.^ Cc-n ML h<iV0 , ore Iha.^. o;:e -.oint. i:i c; -or.. 
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k(^v t(; Practice P.issar.c; 8 




6 



1 




0 










lull. :n r.l.«uh3 . ' ' 




K 




-.ere ic r. i^:.e , in 7:^ /-j ' 


\ntn . 






1 

/iricrr. l(b) J:are ^re 1 


ciir.L i act. 


pom .ij 








A n 





xhoore. ' 1: 





Thus 







'iti.Mco, nt lea:-' oi.e of .ht 



i'nuK^ v.'u h.-,v(i Lhc foliov-a;ir Mieoi-!j;n. 
_ !^ 



it rn a Line Ln plane "5? ihea there is n noint in 17 




How, b;y Axiom 1(a) tl.erc exists ,•; lit;o 
r;i in pli^nc ff . 



oy Axio 1 l(b) there 



J are cil.sLinct notni-: A -^no 3 on m. 



'V- / * 

Ji in pl.'ino T/ i/jt noL jn line :-:</iiC(j- ^"^-^ I 

— ^ 1 , 



::cc(Mi.l Llfeore.i, 

Lr* ^''^1^^^ 'i'"'- '^t, .Ici:;}: three ^or.-ooli incur :;ointi:; in a iivcu plane. 



a ^ 



f } 



, ] i'Ct m .-^ d n be tv/o distinct lines in 

V-:$ 9^/ r 



^ i a Pi an* 



Wr; knov «,ach line:; exirt 



k::r\\iTQ there are tw 



I - 



^rr^ 

A 5 a r% n 



I and ''n ^/n.j The:i . and n are tuo //-^/ 



o. :.ihl(. <^<->/ 



.1 t. 



/ ^'v 

o 
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Pijcticc rassa<;c 8 (cent.) 



^ 







iiov leu A be j-o.r.v in :,i.-:;c Tf , 



liy Axiom l(a) Uioro arc two (;ir>li:u:; 
lines a d n in » 



if ooth i^u .:ir»(] 



n contain A then we have points u rnd C 



vdth B in n, C m A j, ai-id A ^ C 



Dy Axiom l(b)» 



Furthermore. 



because of Theorem % 



d ^ C 



Therefore, there , 



is a li.ie 1 contai ing 3 and C by 
ihir, li 0 1 can not contain A since if it did wo v.ould have 



V I Off] 1 = ni = n 



Clearly, if a ^ n A 



Tfiiio v/o hnvo 



then there a xme i m rf wiin A not on i. 



then either .a or n does not contain A. 



i^ave cctacjlished the following theorem. 



Thus we 



Th oore.71 4: If A is o point in a plane TTthen there is .a line in ^^ 
which does not contain A. 



::ocorcise3 



Prove Ihe rolio\.an(^ chcorcias. 



1- Theorem 5: If A is a point in plane TV then there are at least two 
linos in 17 each containing point A, P ^ 



Theorem 6t There arc at least throe non^concurrcnt lines In plane TT, 



3- Theorem 7: If each of tw lines in IT is parallel to the sa.r.e line 





then chfjy aro par.-llcl to each ocher. 


i 




If m is a;r line ir. plane then ihore are at lenst ti;o \ 




noincs i ; which are not in line m. 









linos in 17 wrdch do not contain Ao 




iJy Axiom l(a) Lhore nro two ciictlncU^^/ 
lines m Q d n in X^' . 



If UOtll ,T. r\TA\ 



n contain A then we have ooints o ond G 



with B in n, G in*^m^A ^ J, and A j^^ G 
by Axi(/^r'l(b). Furt r^>2:^y)r0 , 
because of TifeJren 3» 



Therefore, there 

V-/ 



is w li e 1 contai ing B and C by 



rhir> ]i e 1 ca-i woi contain A since if U did ue would have 



A, Mr.fi G .1 L^^tZL n.^d 1 = m = n 



A? inA n 



which is ^*4^ssihle. Thus we 



then there Is a ]^n^ 1 in tT with A not on 1. 



Oltvirly, f}^^^ \ n d rn then e ithe*" n or n not contain A, 



.•ive enuuulishca tli^^^ i\)ilowing theorem. 



Thus uof'^f 



ih<jorc:n /^i If A 1.': oomt in a plane then there is n Line in IV* 
v;hich does not contain A. 



0 



o 



(5 



1. Thicorr-rn 5i ff A in ^ noint in plane T/ then there are at least two 



Ixncn In 1*? c'lch containing point A. 



_.o 

iheoreai 6i Tiicx^ are at least threfjl^/n-concurrent lines in planeTT. 



jj. Tr.L^oro/n 7: If each of two lines in io narrJiel r.o the sa :e line iniT 



1 <?-/ r 

fj lh',:\ Jvjy arc parollel to each ochcr. } 



^\ Si It? IS a:. line ola:.e 'Jj' then ,here :,re at least t\;r 

— i „ 1-/ 

i } \ '.cs 1 . v-ich ere :':ot in line m. 



'}i li 'A r • ry -j^Uxt, in n3/'.ne *iT th<.n :.harc ere rt Icar.t t\o 

W ; 



1 



(Iivon :i V''£J)^}V^<'M u: In know \vi:r:i)r; ji c odd ho \ \Z 



)!. <. { :i hwu-lioM. ] if (^liy tin. ^,<;ip|, i.^ /rjy pn, w 

^:nt ^r;.ph (iri'.r.cs t.h<v domuir. and r;iMu (>.) Wc; would n(»c(l to 
rlion; lo wii(>tiHu' t .lu> ..r:ipi> ro uio TimmI a> the niK> for a 
f'luct ion. 



i.M>, ;;iv(M) adom.on aiul nui-(>, wo may (!(>>iiv (o know \s\M^ihin' 



:ra i>h mold ix- UM'd as ;iu- rnio for a funrtioh.rT)n( - Mich chock 



wMicti hn(\ j If Uic' number 1 is -mx 
-I liic doni.un and cicnuMil:> of ihc (h)ni:dn :uv rcpns(>nl('d on I hi 



.V-.t\t^. pL nv a vorli ca! lino' (>hron; ^h I on lh<- A'-M\ix j if hnc. 
uUci. cc:.> nu.rt: Hko; o ne )K)iar. o7 lht-7;r.:ph, the ^raph i> nol t.!-o rule 
lora iiu.clion. JThi;. k> :,ruo ior ariv olo;ncnt of liur doniain. 



A n a 1 torn ;ao _c i i J v^^ina vJkm i^^ 
i^LJllLkillli!^-!,^^^^ tiin cooi-rhnatc^ of tiic :>ouus on tiic^ u'raph 



ii .uiy hi^l C(Kirdinal(i i.s tor two dilfcronl pouusf th e ^ru^; is 
*.(>i Uh- lulc for a fiiocLion/ ~ 



r.x3tr.;)Iosj 



1. Domain: {1,2,3,4} 



Coui(J liic ^raph in i'^ig. AA be 
tl.cnilc for afunctio n u>ina ; this 
domain and ranp^c? } 



l-in* 4.4 



o • , • 

j o o * ' 
j o o O O J 



J J 1 J L.L.L 



(Reprinted by permission. 
Contemporary A_l^|cb_ra, Second Course , 
Mayor and Wi'lcox, Prentice Hall, 1965.) 
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KK,y \o Practice Par.snge 9 



I i^i c.u'i: winch h:i:> a.s iu f/^^L^y ><>i'c!iJi.un an clement 

i! ill.; (lom.un :\\i<\ r^^ i;s ,soc(>:u! foordinalc ln»! i orrcsoojulir.^: element 



|T\c( onini;; u> Uic (ioliniLioii^of a lion, an element 



{|>.' ( Ktinain t\ .1 roo .dmalc (A one :in(| ou^^^/nr fM^ni. of 



(iivcn :i wr \my (j oin' (o ki^V»^/^v]H^; iic/ n rc^uld ih' ihc 

,';.i;>h <>f a fun.-hn.;. [ [{ cnly ||u: ;:ra uiv rn, \v<Mi!(i ;l s^^ll^(' 



Wc u <;u!d JU'cd to 

i-lxi-k \o M' c u'ia'Mu-r ihe ;;rai)li eould Ci^-Zisru -i.s i!h; nd(V for a 



A I 



KJVcn a domain and ran-(^, wcijiav dcNiri Mo know whciluT 
tiM-d a.^ (lie rult- for a iTificl ion. J ()iu\^Syrl check 



^i/.:idf i> v (h(Mis.- ti<^v>\^i Ileal hiK-. j If t.hc nuinlxT 1 i.^ :m cIcn^Mit 
tl.i* (injo.uii .uul i'lcuK'iil.^ ui llw (h)i^^^^/arc rcpi.'.NcnN-d <ni i h»» 
Avi\i^, i>l.ur^av('rl ic.d lim*^ I'liron-h I on ( he .V-a\i.s, flT 



i,:U'i>ec(^ mon* ih.ui oiu^ ]>oint()f 
f -r a fiiia'lion, 



n;;U i on die' .\-a\t.s. | U^llns hnc 
th(- ;;raph, i.he -raph i.^ n»);'%n?j rule 



n^ i,^ iru(^ for any (*loni(Mit ofV^tidom: 



un. 



I 



An aUern aio ctH-ck n^ay he o.sed if l\i ij rn\n\\)cr of poial.-> on tlie 
nniie. Wvr.c ii)e coordinates of Vlrrjpoim.') on tiu* ^ranh. 



.i^ty iU-Zc coordoi.ue i.s u. scci for two d\'Xl}y^l j^oiuLs, the ;;7ap riT 
..01 {]w I'ulo for .1 function.! ' ' ^ 



o 



O 



Coci»U.hc ^raj)li in 4.4 bo 
iho ru^o tT».. ifunv^tioau.sin^ this 



do. i . To a and ranp^c? 



Fig. 4.4 



|-:yA 
-i-- \ 

t 



o 

o o 

o o o o 



0 



1 
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i'h c -.xw^w cv is no. { A v^^rlical iuio throu;;ii 1 on tho X-:i\\s p.isscs 
i!ri>;ii;:> Winy oih- point (H i the ? :i:;pi^P sijH(; lIuTc :uc a 

(' <'0\il(l ^^ I'ilc t/lic roonli- 



nwrso; ihrM- poinlsj ( 1 J). (1 /2) (I;]), (:>. I), (2/2), ^1), (4,1),]^ 



n\::r/oc'rs 1 :\\u\ 'J :av, u^^xi (ir.st cooniinat(*s of more than one 



2, (rr.ij)h thr folhnvinp; function. 
])()ni;un: j.i-;.r G 0 < a: < 4} 

0 < Z < 1, 7/ 1 

1 < X < 2, 2/ = 2 

2 < X < 3, 2/ = 1 

3 < a; < 4, 1/ = 2 




r;rnT)h tiic followinp function. 



J)oniain: li 
Uangc; R 
Ihilo: 



7/ = 



Tiic cor/^plcte .c;raph cannot be" 
shown. 









— o- 


: ;.;-.0| 





Exercises J 



\\'iiich of lha ;r^ r: pi'ts in lOvcrc iscs 1 tlirous h r2 coul d 5c the rule 
U)r a function? ( In l';x(M'ciscs i Uirough 0 rho domain is|{ 1, 2, 3, 4| 



■and the ran;:t; is 



1-1,0,1,2), 



7/ 



I 



i 



• t i s ; < I I* 

; ; I ' ' 

o . o ' ; • ' 
o o 



1 I 



i I 
I I :• 



o o o 
o o o 



1 : 



I 

I- 



o o 



1 i 
o o 



0 . 

1 1 ' 



1. J 
1)1' 



' I *** 



01 
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.%(.■>• Lo Tractico l\i.s.sago 9 (cont.l 



r '; i;- 1- i-^ i'.'>. j A vcrlU"iU',!i"4iirou;-,u 1 on :j r A"-: t\is ;):\^s('s 



uT I * t lie conn 11- 



r.uiuDo.-.- r ;!;h; i: '^'i n < iin -t f ■ ■ ■)ii.:U(s ol" more than one 



(:r.u )l> llic. fo il' ,V?-.i;: fi'. nclio i. 
J>()in;i!n; {.r\x ~/7,'0 < .r < -l] 
Ixauf^o: i,'/i.7 V- y>'.\ 

1 < X < 2, y 



•2 < X < 3, ?/ 
< X < 4, y 



1 
2 

1 
2 



— o — o 



I I i 



3. (inph the ioHo\vi>.^"H\inction> 



_]^.llc. ^ 

' 'i lu: corh plola ;rrai/ \v;".i'uiot be 
,-ho\vn. 









_c>- 




; 1 ..:..! X ■ 


• ' . • 
' ! ; ! 


, 1 - ; 



for :y-ltuivl;()ir^j~In K xcrcisc-i 1 t Hr6"^\ G t.h o domain isinT^.*^ I 
"and r:<^V !;in";c is jT^ly>Qr 2 } . P ^" 



1 Y/l 



o o 



o 



' i yA ■ ' i I ! ; ; '• !• i 



1 I o o o o 
j o o o . 



Li : 



Oi 0 . 



3. 



' Y 



o o o o 
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riMctico Passai'.c 10 



;MULVi?L:cA7:o\« or- y.i 



'X uwl :\ wUivc rr/! lunuhcr. j i ins tiWr«i rc.:l r.u.ul^-:- is c.illod //:c 



J^j^i >..;r ol r^.ti nnn^bor<;.| A study ofNOiuc of ll.c specific facts" 

of r.v.!:::;>iic.K:on iiiC:cr.;cs nuiltiplication is con;n:ura:ivc r.r.d associative 



i cli.^t ti:crc i-^ a.: A'jntiiv clcnicnt for n)uUipi i ca I io n . | V/c record i];csc dis- 



ci'\ c ncs in ti^e !o!io>v'in;; posiu!atcs:j 



j (''.ce.ill liiat \vc can nuiicatc a p;-(H!;;ct hy juxlaposiiion as well ;:s by i\\c use of 
> iar.'ci dot or a twncs >.,;•.: ] |i hp abbrcviatioiv "CPW* rcicfs to u\c cmr.nwiaihc 
I f.fii Jo ' ' ~^ ~~ 



Jor niuit'rhatitmi. (What do tiic abbfcv:aiions "APM" and "PMr 



^.?ACr/Cf: CXCRCISCS 



Piovc the muliipl/catlon theorems in Exercises 1-4. 









2. V,V,V,CA7)r = (zy)x 


: 




'2. V, I A- A' 




!vc;>:at Lxcicisc i o:> pa;»c 22 but for nuiltiplicaiioa instead of addition. 


r- 


Su.:c and prove, a luuiiipiicaiion tj:eorcni anaiof^ous lo the one on addition 


1 


m j^xcrcisc 2 on pa.'^e 23. 





(Reprinted by permission. 
Algebra with Trigonoinetry , 
Pehr et al.. Heath, 1963.) 
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' y to Prcictii:c i\»issage 10 



j /'^^ f///.^ o [ 1 -: .i;r «>rt .? :;i:i'>ciN.( A Mi^iv^ofson-.o ol ihcspccifjc facts 

i o; in5i[i:i)!ii.Miu>.: .ilc^ (l;..t r.iuUiplicilion i.s c JnuiuiUuivc jiuI :issojialivc 



i {\n ilv:/ is ulaMllv c !c;nc:rt for r.u!l[iplicniioM.[ Wc rccQfcKT^:-t^; dis* 
j covvi!cs i» t.:c it^rVi'; : po >u.ia(ci>:| q """" 



i (Cpn;) v.v: .^-:.v- ;v•|(-,^^^^) v.y,,v.<-->?.^ aO-) | (:>.\:i) ?/^^ ^ 

rs — ^ 



(isvv.ii: '^/y-j'} hk!;c;uc ;^ product by ji:x>:iposit!on as wcli t^s by the use of 



\ ; r,nwic lor if.ultin!K<:!iotL | Wil.it c!o the abbfc vi.^if^>r. 'V\PM" and "PMr 



Pfovo ^Sc mi;.'- /^Ji/.f/on theorems In Exercises 1-^, 



:. y.-V-y.-CC f.vr)7l O ' I 2. VxV .V^^?^- = {zy)x 



3., 


V V V,V ' .. .' ' ' 


~- (iix){vy) 1 <. V, ^^1^; \ 0 


i S. 






6. 




.\ .r.-j^'ipixntiori theorem anaIo.",ous to the one on addition 






?-:r^ 23. j O 
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I'raccicc Passage 10 (cont.) 



Tiic posdil.iiLS .iiui ilicorcjns oa adduion wc Ij.ivo collcc;c<J so f.ir deal wiih 
ihosor properties ol' . un;i[K'>n tl;.u' concern the or^lor in \vh\cl\ r.cit.iiioi; per- 



u'h <>ui ou'ti n.iii ofuMi nunii>.'!s j iNow. tiicrc ;irc ocnain on;ere<i p:nrNol\v i 



iiDinivis to wiiioli :iU(!iin)n .issi-s^.s [he fuM i;nnil)er of liic orJoiCd p.n 



x'ur 



c\an){>ic, n^iJ u ion ;i.ssi; >nN];'; [q 0), 9 lo ("V> G), and r to (tt, 0). [ In I'aci, 



.u) Diaticr what rcai nun^bcr you psck. you can always find a second roa! num- 
ber 10 add 10 it so that ihc sum is identical will; the first real number chosen — 
tn.it is, 



Worcovcr, tiicrc is a second real number which will work for all cases 



Oi!>cr words, [ 



3yV^ A- + = X, 



This iasi generalization is a short way of saying ihat i!ie operation addition 
Lb :\. \ Ulcniity clcmcni. \ A nd, as wj know, 0 is such an iden!:;y element fo r 
audition. ( Wc express ihis p.'operty of adduioa in the postulate 



which is called ihc prmapic for adding Q.| 



PRACTICE EXERCISES 



Provo ecc.S of th) foUov/ir.rj thcoroms. 



2. V,V,(A + 0) (0 + >') " X -h 7 
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Key 10 Practice Passage 10 (cont.) 



D 



Tlic posnil;ac:> and theorems on addiiion wc hajM c(>lIoc;cd so far dco! with 
oso nro'Kiiics of addiiion thai concern iho orcl^ Ti! \/hich r.dciition ib per* 



lllOsO 



, here ;s anollier orcwtv of addU'.on \v!K*^;>'-t»K;uiie d;>iv:«c;U. 



cu-i^> o.de>ed iv.ir ofrenl ;(;n7-.oers.j Now, there iiA^ccr^din Oidered pairb o l" re:.! 
raiiun/f^ io wiiioii ac(h;ion av.i-ns ilio f.rsi v^.u^hcF (>\ ihc ordered pairj :-or 



:\aiuple. VUi.tfon asMf.ivs| b to 7o> 0). ^^^"j^tV^^ 0). ^ fr". Q)> i ^^'^ ^'^c^ 



no nuaer what real number you pick, you car^lv/ays f.nd a second real num- 
ber 10 add 10 it so that the sum is identical with^'ne first real nvimbcr chosen — 
d.at is. 



Moreover, there is a second real number which will^M)lk for all cases 1 



oihc<?w^rds> 1 



Tius last r,encralizat;on is a short way of that the operauon addiiion 

]..xs an identity clement \ And, as wc know, Q is sucQ^ iden:.:y element for 



acuition. 



We express this property of <^;hon in the postulate: 



o 



which ts called ihc plrrJpIcfor adding o\ 



o 



P:.j '^ -pw^U of tho following thooroms. 



2. VX^.v^t^) + (0+y) x + y 
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IMaclJce Passage 11 



i..;t. A [ 1, 3\ one] L {a, b} . 


l*'onr.in^ the set of all ordex^td 


ocirr. who.'jc fir,.t co anoncnt ia from A and whoce secon." cciuponcnt is froin 


d v.'o .■./;vo|{(l,a) ,(2,a),(3,a),(l,b),(2,b),(3,b)}. 


This set is denoted 



! {l, ^> iixCajl^j or A >: B. ! A>; 3|is read " A cross B" -.nd is called 



i ' 

I the crrtc'ivin -^n iiict of A -nd 3, 



KoticG that in thir e^a .oIg -r. ordered 



■^air {x,:)e {l, 3"*5;< {a, b'^jif a-.d only ifUifl, ad yff Ja, b] 



l.:=^4.^A^^ and N = { O} 



u-e aave, 



!■:;< .;; = (-j,d), (A/i), (£^,0), (4,0). 



ex 



Notice that in t 



But, if the example aDove 



AX B = 0 



1^ 




**• 


1. Give the roster : 


n,?;e 


for each of tne following cortesian products. 


a. i^, 3, V'^i 


{0, 


^> 3; 5, 6} 









c. {x J xs >i r-xA X < X { z I z •£ W and z ♦ 5^ 11*^ I 



d, A X A v.t.ere A ~ | x S w, x is even, and x < 9/ 











n 






Let A = { 1, 2, 3} n.id ii = fa, b} . 
Let R = 1(1, a), (^,b), (3,a)> . 




Then R C AX .3 , 


Ue sa;, the set R : 




) rel.'^tion 


fro,-^. A 


to 


i 




3, 


then J is 


also, a 


.relation j 


i fro 


A to ,i 










! 

■ ■ ^ 


1 

i 
j 

r 

i 


if 










! 


I.-kc up :^ r-n. ;\ i 


rj... :.r..; i'irct ccf. to the st'cond 


set in 


i 


\ 
1 












each p:.rt 


j 3. 




co'A tr:c Lccor.d sci 




tne iirnt 


set. m 


each part j 




. f ' 










i 



FILMED FROM BEST AVAILABLE COPY 



7 



r)3 



! j\'A\!^i'\r.'^<^- ^ ?^"^-^'iKs read A^oti-Js .rid is called 

.1. ■ 



r A '-nd 3, j iiolLCc that irv r-lo - 



ordereu 



1 '■'(-•.,:).'; {• 




b"' 




, > ;■. ^ N = { ^ , « , O } | we > .a ve - / 






, (i;..), (^:-,^;), (-A/i), 1 :;otIc^'?^/lt m thi 






.'••"J q> . jBut, If thdPglinple above jA?r B = « . '^'^ 




J 4*-' ni n lilt >iri| iiM MPiiBiMin 1 J m 




j 


1. Give 


sr.or nar.s for Rach of tne following CDTtesian products. 


3 




7i ;C ,"^0, ^, 3, 5, 6} j ^ 




_ 


i 0 





V. ~ ^.c j X 2 w, X is even, and x < 9]} | ^ 





If {* 




» & 


Let u - \ 1 


3} .• d 13 = {a, b} . 


1. 


0 


Let li ■- ^ ( 


i.'O, ('',b), (3,0) > . 







j . . Thcri R n,' j » g Ac wit], t^Uu»;"et R in ;} rel'-tio n fjjp.rn _A to 



1 • 



-A i . • y « v3,bj:; , A U 3, j then 3 ic ^i^Lf."^:?.^''. rnlacion 1 



-o '.'i*'' :jc:cwr;J jn each ,Vict 
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I'l.ielicc l';i'.s;ii;o 11 (coiit.) 


1 Lot /; f x: j:< i. ' r.in hum'in bulii^^J 




Lot b -- £y 1 ' i'o iJ.'': human boing'i 


Lot R i b^c; tho daughter of a q d a is t^^e Dit.r.er oi" b}*. 


Ihen A j ^'^^nd hence R Ifl a relation from A to B. 3 We ini^ht c^dl 


thin relation Lr.t> f Mher-ditu^;;}^ter relation. 




^ ' — V. i 

Let U - f:cL:- . 5 har.on being^S 




Let S = ^^a;^o the brother of b^ 



Then SC b* v' l^iUd S is a relation from U to V. 
^ , , , , ■ 



Notice that the 



set U 15 used uolh the first a.:d second set i.i the, cartesian product 



in 'diis cxii :.pl.e» 



la r,^lch a case we say S is a relation oii 



n # ^» 


^. List tvo elconts of the father-daughter relation. : 





5. List iwo elr '0'itr> of .ne brother relationship. 


, 



6. which of the, following sets are relations? jGive the roster na.aes 



of those v;!.].ch are relations. 



i. i2x^ 3\ \ X g W, y 51 W, X < 5, and y < 3^ 



b. 


z.^ 1 




c. 


{(x + 'j, 3x) j X g W and X < 3*1 




d. 








e. 


1> i 



















Let w ten.- :u', ol v;hoie nur*oers. 



Let L c£ll such tlip t x c = y} 



Since L - /* /i^cl-ien L is \ relation on W» 'ih is t:ur:i r.n Imoorta/.i 



roiaticn or <^ i.. v.^i j^ive it a special na.TicjL irj cjUcd :e "less t/.an'* 



t« ■ ^ ^,''>7)^" ' ' of r.Ke stale aentsi 5 L 9 '^nci ( ';,9) 'I j:a^>;u) the -a .c 
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i\cy to Practice Passage 11 (cont.) 



''''L Lot k ^ [x \ x i:. .-.le ::u:n:in boi:.^;! 



3-^^ Lot h = iy iy ic a roTtio hiuiian belng"!^ 



Z-Z Let R n /(n^b) [ b jiG the dauchulyD^ a a d a is t-l;a r.nLher or 



3"2.Thon RC k nnd hence R is a|ye/^ation from A to B. We :ra^j<xul 



l; rciation the ^L^i'.jir-dauchtGr relaoion. 



^.,1.Let U =(x(>:|is a hu.r.on being! 


0 


'^"l.Let S = i{a,o) U\is the brother of b}S-| 


5'='*Vrhen S C U ^ U | and S is a ^'Sl'a/ion frora IT to V. 


Notice^wjt the 



set U IS used as both the first a::d second sBtT*^-) the ccjrtesian product 



'j. List uwo c^c.ff«:/us of ohc brother relation ship. 



6. rthich of tl^J*«s:.\|ilowing sets nre relationsV 



Give the 



er na -'ics 



of ti.ose v-ii'<W'?ire relations 



I T'-^oC. {(x + 5, 3>:)j x5 W and x < 3^^ 



i 





Tn <7Ac.h a ca5i(|«w^ say S is a relation on U> 


0 




y,. List tvo el/r.^n/s of the father-daughter relation. 


0 



7^.7^ a. {2x 3) J X 5 W, y S W, x < 5, find y < 33 


0 




0 









0 




0 








« 0 








he i:ct of i;i;olo nuf;ocr 


s. 


0 




Lu{ 


(.s,:/)j£j c«S oUch that 




^ c = y?/ 


0 


\ si 


L <^ 


Wluhcn L is r rjV.r*Jicn on |l 


IS oucn ( i .r-^ortcv;:. 




\ rojat.i;;; 




wi.^t tjive it a specicil ncjnc.jL is 


ca13/^./..c "less tn.n 


— T 

' 1 




• 


. 1 u;:Uraly d':\.A»; L 


by 


<H and Vvri^e 




- ■ 










-,| 5 L 9 i5>^G^ .9) c f.?".oj.r. ar V- 


i 
t 
j 




;i' 










1 
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I'racL i Passaj^c J 1 (com . ) 



r 



[ 7. g. Define t..e rola.lon > on W in ten.s of ordered nairs. 



j_ ^^^^^ or^ox-Gd pairs in the relation > on W 



j c. Rc'jrite (n,b)«> as a > b jfor each of your ar.awers to b. 



I 8. Re^vTite yo .r ar.civ.crg zo exercises A and $ in the forajx R yjvhere 
R reprei^or.ic t.-.c relation civcn iji ejjch prooleni. 




ERIC 
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!<) Pr.iLlico I'as^ai^e 11 (com.) 











r 




rela ion ^ on 


W in ton.a of ordered pairc. ^ 


I 


'^'^^if, Li five 


urdored pairs in 


the relation > on W. 


i 


t''*'*:.*- fU:valte (a 


,b)3> as a > b j 


for each p^yr^ir on s were to b* 


1 

' •« 




'-n^vrra to exercises and 5 in the forxjx R y where 


I 




ti.e relation [:iven in erjch proolem* 


r 









ERIC 
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r !MC I ICO 


i;o 12 














;i A i^el,' t ions 








< 




tf ry i>Qlo A and B and lliC : et of all 


ordered oairs 


wi»o.,e 




I' IT'S I 


CO ■Doritntl ir. 


an oio icnt of A 


and wiiocc second co 


ponent is a i 




t 


'jf .5. 


m ' 

Siich setr 0 


f ordered pairc 


are ioiporLant in aan} 


branches of 


la^he- 


i 




. j ::ou ,.' 




formal definiiion. 





J(?f iral^ion 1i For all rcis A and B, 



A X - = £ (x,y) j X S A and y a b}. 

A Bji5 rend A cross B " a id is called the ^CQrte^ijni | 



product of A and B. 



1 An i .rr.edi' te consequence of tliis definition Is the following theorem. 





.'i.ooren 1i (a,b) i AX d ^ 


a 2 A end b g J. 




i-roof: ( Let (a,b)i; AX U. 


Then (a,b) £f(x,y) j x £ A and y 2 b]. 


1 1 io, a £ A -;id, Jj 5 


i 1 


1 

j 1 ( <S) Let a £ A and b t 




rhen (a,b) ?f(x,y) j x S A ond y «. 3*5= H-^. 



f . — ■ — — 

j DLfiriiLioa 2: Let A arid b be arbltar: sees. 



Let lie A X 3. 



jThcn U is called a relation from A to B. 



i'h!,:: defi.-ijiio- Cells un IhaL an^ subset of a cartesian product of tuo 
^aXz ir. ' relalicr. fro.i the first r.et : o the gecond set. |\vhen RC AKA 
h/ivc a relation fro i A to A. j In this case we say R is a rcl-^i tion on A. 



rel^.tiori is aa ii-nportant m:ithe i.ati > al concept, j Han; relaiions 



\ (a ':-und ^\ d are u^cd in evcryda, life. jAfnonr, these ere all the 



C B I for 2o:.e seis L and B we k ov 



1 V 0 clo <}'itc uf ;l rust ordered pi>irs. j Thus we caa writejCa/c) ti ^ 



j '.u : />w the ordorol p.^:r (a,bj is in iho relaiion li. ^luaVj tn.es 'v^rito 



3 . 



? Rofh of ^^.o' o -itatr- 



:an cxac.l' 
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Key to Practice Passage 12 
Cortesion Producir . j'/yJ^-Iiolr.tlons | 



ConcirJer nrbLt...ry sets A and B and the ret of all ordered oairs vn.ose 
first component isfo^'^ele .cnt of A and whose second co ponent is a. elev.ent 



Definition 1: For J.i-^ecs A end B 



AX 4*-'9i.(x,y) I X S A a nd y g b}. ^ 

jj^ejis r(^ 'I A c ross B " a.^d is called the carteslfin | 



nroduct of A and B. 



An i-.n:cdi;te coi^^'JTcfuence of this definition- is the follovdn g theorem. 



Theorem 1; (a,b) £ V,ti3 4^ a S A r.r.d bg 13. 
Prool 



C: Let (f/r1i?CAXB.|Then (^1Uf(x,y)i xgAandygBl. 



0 



So, a^3r^^r\d b C B, [ 



( <; ) Let a &V*^d b £ B. [ihen (af^af(x,y) | x S A end y 1 B> A )C^. 



Definition 2: Let B be arbltar: sees. 




LetTlT^A X B. 



Then R/tt Jcclled a rela'-ion from A to B.| 
rhis deCirdtioi: tells us thot an:, subset of n cartesian product of tvo 



sets is relation fron U.e first set lo the second set. 



When RC A K A 



we have a reVaTi/^n fro., A to A. In this case wf^^ R is a i:el^ on A. 



The idea of a ^lion is an important mathe ■■atir:al concept. 



Ken; i^L^ionc 



cai be found a-d ore uscdyA^veryda: life. 



oiolocical relai,i(iitd/ips ocUicen people 



Among these are all ^| 



Lcc R be rA^gl^Uon. | Si«6e fclr;^ B [for so.ne sd^S^Vand B we k ov 



the ele ,ents of R must bejM^ P-^i^ ^' | write j (a,b) ti R V«1- | 

'^T^TThTo'^^r'ed'TaTr (a,b) is ^ ^T^e relation R. j ...n; ti.:e. we uriVe/ j 



YR^^772^'..7io/o) 'TrjBol h oi the.e o^/ .c-r.ts -.eai. exac-l;, 



«5> 
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Practice Passage 12 (cont.) 







1. Give Lhc rn.'^i.cr -i 


1 j<j l or eacJi of 


the rollovlni; CMrleninn products. 


»• 3, 


7}xtO, 


^, 3, 5, 6} j 






b. ZjX ^7 1 


c. f X 1 X f w and 




f W and z ♦ 5 £ 1l} 




d. AX A 


wriere A 


= {x| XX W, X 


is even, u'ld x < 9^ 





-i. l-^ke up a relation frora the first to the second sez ij) each p^rt 
of exercise 1. 



3* i^ike up a rclat 
of exercise 1. 


don from the second set to the first r.et in each part 


1 


4. List tv.o elements of the father-daughter relation^ | 


5. List tvjo eleients of the brother relation. 




6, Which of Lhc folloulng sets are relations? 


Qive the roster na.nes 


of thoo6 Which are relations, j 


a. i ^x •♦'3> 1 X 


r W, y f W, X < 5, a.id 7^3} 



b. ZfX Zf 

c. f(x ♦ 5, 3x)| X f W and x ^3} 



d. {l, -i, 3l(Xf-1, -4, 3, 2} 



3. ^ 



7. a. Define the relation "less than'* on U in terns of ordered pctirs. 



List five ordered oairs in the relation "less than" oH W. 



c. Hewritej(a,b) f "less than" as a<b 



for each of ycir answers to b. 



8. Repeat, exercise 7 for the relation "greater than"' on U. 



9. RcuTite :,our u'iswers to exercises and 5 in the form 



R reorescnts ine relation fiven in each nroleni. 



X R y 



where 
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Koy to Practice Passage 12 (cont.) 





0 


ulvc thr ront.cr -^^flor eacli of Lhc roLlowLn«j cnrLcr.mn products. 


7J1.^. U, 3, 7}xtO, -i, 3, 5, 6} 


0 






7^t.c. f X 1 X S \s and x < 4^ X £z j z £ W and 2 5 ^ 11} 


0 


7-*T^. ■ A X A ur-erc A=^^x(x£W;Xi8 evon, and x < 9} 


0 


-ci. l-*5ke up a reliiLion frora the first to the second oez 


ift coch p;?rt 


' of exercise 1. 




3. i*aK.e up a relation from the second se;. to the firci. 


Get in each part 


hi 

of exercise 1* 




7rf List tv.o clc.Tients of the father-Klaughter relation* 




^•|List tv/o elements of the brother reLnticn* 


0 


6. ^3ii^h of the follouing sets are relations? 


Qive the ^si^v na:nes' 


^JTUy^oQ^ Uiich are relations* 


c 



7-2. f I X f W, y f W, X < 5, and y £ 3^ 





0 


i[x ^ 5, 3x)( X £ W and X ^ 3) 




7-2.d. {1, -i, 3'ixf-l, -4, 3, 2} 






0 


?• ^-^fine the relation "less than*' on W in ter^-^.s of ordered pairs. 


(^i^st five ordered mrs in the relation "less than" oc4 W» 


^Q^^-ie write 


(a,b) ^ "le^-^cn" as a<b 


for each o^j^^^ answers to 


8, ^iop^t. exercise 7 for the relation "greater than".' on W» 


9» 7ie]frite :rOur answers to exercises and 5 in the forr. 




where?""/ 


7n-^-c ore scats ohe rel .tion civen in each proolcn. 


0 
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APPENDIX B 
CRITERION PASSAGE 500KLET 



Ins tructions 

1. Use the QLMT technique to rate each cf the following 
passages. Be sure to record a rating of the form m-n 
in each non-blank unit. Record 0 in each completely 
blank unit. 

2. Rate the passages in the order presented. However, 
you may go back and change classifications in rated 
passages if you change your mind. 

3. Refer to the Rater Training Booklet whenever you wish 
while rating the experimental passages. 

4. Return this booklet to me in the envelope provided when 
you have completed the rating of all passages. 



Division and sets 






Here is a way to think about uivision. 





' Think: 

There are 3 sets 
of 5 in a set of 
15. 



1 



(• • 








(» • 

V 





Write: 15-^5 = 3 



Think: 

There are 5 sets 
of 3 jn a sei of 
15. 



r- 



Write: 15^-3 = 5 



5 IS the divisor. 
3 is the quotient 



3 is the d visor, 
j 5 is the quotient. 



i EXEHCiSES 



\ 1. Draw a set of 18 dots on your paper. 



_ Rins; as many sets cf 6 as you can. , 

i [a] Nov/ many did you iind? j [b] Solve ihe equation, 18h- 6 = fF J 

1 • ■ — i 

i 2. Dfcivv a set 7A cots on your paper.j Ring as many 



sots of ^ r.s yc-i can.j Solve the eGuation.i.24 -h 4 = [p;. i 



-4 



! 3. uraw a s-A oi 32 dois on vour paper 



sets of 8 3s you can. jSo ve the equation 



rn^i.n g; as many ) 
3tion,j32H-8 = in;.) 



! 4. Study the seTs. Then soive the equation. | 
r— r — ! — i 







n 


a) 




ill n 








a u 


a 





* * ★ ★ * 































1 






♦ 







!21-7 = [n! I 



s- :czx in 35. ' 



ji. 1 hoft^, are iijveus ip 28. 



— « 



L r , A u 1 o i I - U o b J c y i ^ u o i. ; 1 1 i i 
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ERiC 



oircuTilcronce 



A c:.rci c 1 ; ft ploy, on is a plane closed fiparo. 






The dLstcnce h CLrcie is c-JLlea Ibg circ^::.fere:;r-3, 3 Girc;;...! cr<j ; 



L 



is to a circle r.: )C'.'i .cter is to a polygon* j You could use a ruler to 



find the length of cnch si**.e of a pbly^^on a;id thou add those lengths 
to find tho peri .cter of the polygons 



You could uso .3 capo .*e/isure to 



j find -.he .ircucirerGncGs and dia'.T^ter lengths of the oojects below. 






plate 



Vhe t.iulc ooiow e;ive3 die circunference, diaine tor .length, axid 
quotient of circiurifer-ence divided by dia.uoter length of each of th«a9 



o.jjocto* 



r 



Wheel 



unn 



? r*lato 

< - 



.:\ unft^rcnco 



Din act er 
Len/yth 



oS inchee 



3-5 inches 



31 i.-ches 



23 inches 



12 inches 



10 inches 



uirciiintcrcnco 

Diamter Lengi^h 



3 1/7 



3 1/6 



3 7/40 



jioMc'i ih-/ vi.ile - he circu.nfcrcr.c3s differ :j:.d the di;i .etcr len^.hs 
j -^^fi^jr, tho qu;.L(:.»t:: circiur«f ci enco divided by ciaieter len^^th do 



i 

? t.ho nui.Vucr-; ' i\ il.c Jif.t coi'inin diffor ^it ell I 
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It 


' G true 




\.']ien .he 


circu if eronce of ciny ciX'clo s Oiiviv cJ 




Mia 1 


ength cf <^ 


CI 


.eier of that circle, Ihc quotierA is . Iv y^. ^ 


Lho 

1 


<uine na^be^• | 


Thi3 nu.T.ber 


in nfimed by the Greek letter tT (pi)* j 


1 


number t s - 


• 

bout 3^ 


iioticc how close Zo 3 


y ench of the 


{ 


.>cr3 


\n the fm 


C'l 


coluTji of tho above table is. 


ff 




If 


C st.-nds f 


or 


the clrcunference 


of a circle lu 


^:d d si.Mids for j 


■:ho 


dia-notor then 


r~ 

1 


















tr 












b. C 




d •TT 








1 nnd 




c. d 













You c .n unc forv-ula (b) vAth 3v for IS* to find the ciT'cuniferenc • 



cf - rirclc viicn >ou know the length of a dianetcr< 



•j You crj 



can use formula | 



(c) 


to fi;; 


d «i.c ic 


2:5 '*h cf 'I i'i'..;ctor of a circle vhen you k'.ow the 


{ 
t 


cir 


' ar.f ere 


-^ce, 1 






T 
« 












4 


I 

! - 




',c the ^ 


iuie* 







Circa Xcrcaco 



Dia .:oter 



5 inraos 



Rad iu£ 



4 f oct 



^-'"0 circu .'•orenco of ecch circle in ^ thivnigh 9. 




3. 





i d= 7/1 1 incii 



7. r = > inch 
89. r = 3/ A rails 



10. a. WfU".t i:: the distance /Ion,- :he circle froni A to 3? 




Wa\t 13 Che dislnnco rdong the circle fro.a A to D if you 
trr:VGi V cho diroclLori of the nrx^ow? 



c. Vdut 1- the dlstarice froTi A to D if you travel in the 
o^:)05i.te dirvicti.u? 



II. A r.orry-i^c-iioiuid kca con.piete Lurns* ilow feat will 

Ronald J M- rt each travel if i-iirthAs horso is O!^ the inner 



ring :jid Ror.Jd'r. 13 0/ the outer riag? I 



■iLr:)r r^.sions v/ if. i Groupir ri Symbols ij 



.) ,-.. -s r"-->- r'.-.Q to ) 



, ! -'-'-■-•s ^r' ^^:^K.ut t"hvm by u sin,: liie distributive i.rv. 



! j- o^vrite v/ic:n>at prironlhesc:; and corTif)ine like term 3 J " 

i 6 - 4(2x - 5} = 6 - 8r -f 20 = 26 - 8x' 



1 2: 8 - 


(3a: - 5) 


n.ink: 8 


- l(3a: 


-5) 


1, 8- 


C^.- - 51 


- 8 - 3i -^ 5 


= 13 - 


3a: 1 


3: 6-f 


(9 - 7:;) 


Think: 6 


+ 1(9 - 


-7a:) 




(9 - 7rl 


6 -f- 9 - 7^ 


= 15 - 





lirarhr-ts =_ ^ are Z2±jlL±JlJi^r^i<'' '^ to fn-ouni numbora and 
Lil.-j^^i<lJ:2:iire;:tiii- expre-.-iion (U--S tv.'o or more oairs of 

j;ro::p;ng sy:n!-;r. . it uuia'!- ''vrto he-'i n hv rc-movin? the in ner- 

[;=":r:l-o!:- and ih-n <.n ^onihinr- hlco tormsJ 



} 



- 3a: ^- 12x - 40 
I ox - 40 



1 Removing ( 




Combining 




terms in f 




Removing [ 


J 


Combining 




terms 


1 



j — ^^^^ t/:e/o.'i'.>i ' :-,i(7 vilhout <jTonj> in'j sipribols and covMnc lik?. terms: 





' — ; 


' .'a — 













^. - 37""? 



6. 7a — ( -!- 2ci 




j_lo^7r; ' {-9.-. •:- :;) | 
f - -~(- 3 -f j 



■(•pri iitcd by ncrmissior.. Conteinpor :i ry Alycbra. Boo|.: One, 
' ' '■ ' '•' i :•' <.'ii 1- L , i3,•\J^c .':;;v! '.".0 V J d ] nW, ' '(,...J 



ERIC 



!e8 



CorUrivccl !\is^::i^c CP6ci 
Proc^alSLity of A or B | — 



3 -in trie yo::\tcr un liic di.-il below. 




R - red 
h ~ olue 
G = ^reen 
Y = yellow 





- 1/5 












-■■ V 

1 


I. - 






i 
i 




ri'.c eve:.t {R or 


w) can occui tvdce out of 5 er^ually likel: oatcor.cs* | 


i Jo r( 


il or G) 


= V5. \ 


..Ooice i.h-:t P(R) = i/5 ..^,d = 1/5, 


" ~i 

So in this » 


i . 


P(R or 


G) - * P(o). 








la tiic 




^,p:o pointer can not stop on ooth R and Q. | 


r 

i 4 > t 
1 


iSf t:;c 




1 -v] G c n 


riot both occur at <bQ s':.ne ti -.o. 



-u^posc you cpm Lhc pointer on tho dial pictured oelow. 



:o9 



in Uy> <!.v 
iu] even 



v3o lh(j Gvorao B /i;id even i not .ul^^ Iiy crclui'ivo. ! 











i 






! 


1 
( 
1 
1 


j A ai'.d J : 


..U. -liy ^.;::ulu.ivc ':v../.,j :r r.:.d cniy if a 




1 

I 


! F(A or 


_ _:(.-.) > P(:3).} 1 


t 


1 » 


c re .ail t I . 


: .-eii'T li::cd to i ore :h;'ri tv;o events is the 


i 
f 

( 


! fo: 


lova:.g st.' r..- 


} 


J 

1 


r' — t 




\ 


! , 




7^^t?|.-re p--irviso .autually exclusive evont^s 


\ 


1 1 




i d I.J j-re i.atu'lly ecclu.u.c iorji j\) 




f ' 




r^P(:M or S.v or Eb ) = + F(E^) + + 




1 






j 
1 



i !• 




a. P(2) = ? 



b. P(7: = ? 



c. .?(even) - ? 



d. ?(odd) ? 



e. P«3) - ? 



ru P(b6tv/ecu C 7) = ? 



I ... :inpoGe a . 13 rolled. | 
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1. .;.(•;.>)■ e < 



1 - •, '.v.lcu. 



u p(i;:) - ■ I 



I (I,'C = iicad toss, tail ^'nd toss.) 



e. Arn lii.' 



T" mutually csclusivo events? 



f. Arc • 'i ''^'^ ::.utuiLly exclusive evtnts? 



^. P(at Ic.. X .>nc head) - ? 



h. r(at lear:l ona tail) - ? 




5. P(R) = 1 



b. P(i3) = ? 



c. P(Y) = 1 



d. P(5) = 



e. P'.even) = ? 



f. ?(odd) = ? 



g. P(R or odd) a 1 



h. P(.i or even) = 1 



i. P(b or 1-2 3) = 



j, F(Y or < 6) = ? 



o T.. of ev.uL.o in o throuc^x J axc ■■■utu^Jll y exclusi^ 
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erJc 



; f • iS'Jf"'' by rv'J IP'* * , . -j^ Tiih i il > ^'^r .j.i t)r,\l o^djs (Ik: s ji of non- 

* ', '^1. ^ * ^ t:\(c.i»i 'I.o' ' :ii!i.;:o..s 'V*' ilia* Kv::\c doM.uas w»ll 

t u i^.'io.: t,;. :u' :uv'.- rv. ! 'ij^jiu » r. i^'/ ctK^. i rr - tiv ' • ''-m of » loi^n of the 



i ' '^^ i^w-^.iuv;: r...i'»r^5 > iiica-.-ire ti e icriC o» nicuo.i ^vh.ca the particle 
j iiK^/c*. iji the cr»*r/.crri('. I.\ 'isj (h ^\;iion, tirid u ,c nzy live nuuibcrs to measure 
j ♦ tip ? of motion whra il'O i).ift»cle p/.. vc:: in the eiockwl:^ direction. 



counterclockwise 




(i,0) 



cluekwisc 



(1,0) 




clockwise 



(1,0) 




j.b.(^V'.)»-' 



\ ord 



ord 



abs (1 - 4\/2) 



ord(l -4v/2) - ~ 



; To fuui ihe value of icb> for ord1 for a given arf:\iment k, let the particlo 
J itart iU iho point (1 » 9V scr u:>re at i h^ rate o f 1 unit per 



' ' '"''"'[I'^J. iJ:' ^^^'^li*^'^'^ ^ * ' i)ru:ii.^n of motion is eountcieiO'.;l>v/ K^ if the argu «^ 



^il'* 'J'^ll'i^'''-^ ^' ^ 'Li'::; i^lim^''^ n.^'TU've 5 value ct' a^s 



1-:- 


fc— ~— ~— — — -* 

1 1, (\)fp'^:il<\ 










i (h) on:(-V2) 


1 (c> abs(-^l) 










1) 


; abs(-,S\/2) 


(/*) Old (-6v/2) 






. h ciMphs of ' 


Jr. ' ^ 1 Old tor ar;Miiu'^i 


lUiaicrvid fiom — 


10 to 10. 


h 








✓ 












e a rc;M 


liar he,\ 


a</oa \/ilh ladius 1 
ji.c in snch a Wr.y 
co(*jdu^il..'*. lO, 0) 




c 








on a 
I', .It 


r<.oruinau: }>i 
I's ccnt-T f> 






\ 


















\ 






. '!')), ' L^jl 








o 






1 ,-. .'i 




'in .< : 


1 ' in tuj j;io:i 
lUm )r clock- 






(0.0) 


/(l.O) 




{ ;r.- 


t V\ 










/ 








'' ' ) .\ 








E 


F 






i 
















i : > ! 


,1 1 , 




; 






, t: 




f' .7. ' ' 


































■•"■| 



(Reprinted by 
permission. 
A] ^ebra w ith 
Trigonometr v , 
Pelir , ct al. , 
D. C. Heath 
and Conp:<ny, 
1963.) 
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n-^'T. rrooox'Uoii :I iwd Lho P; t}:a:';orcan Theoreui 



D.,r\..i t :on. 1: Given 3Ci; .:ent:j AH, and li^ 



Jhen GD is the mean nronoriional uetweenjAa and 



if : 



I CD KF } 



Theorem 1; Tlie altitude to the hypotenuse of a right triangle is a 

mC23ii proportional between the segmtnts into which the foot 
of the al:.iT.ude divides the hypo-^cnuse. 




Proof: Since 



ADG <^ GD3 



is a siularity it 



follows by definition of similarity 



that 



AD 

c: 



DG 
DB 



complete. 



and the proof is 



Theorem 2t The :rum of the squares of the mee.sures of the legs of a right 
triaRj^^e is the ? are of the measure of the hypotenuse^ 

ACD<fr» Alicjis a si.rdlarity we 



Proof: Since 



A 









1 Y \ 



have 



AB 



AC 



or 



X _ b 



So, - x«c.| Similarly, 


GBD ABC 


is a sir;iilarity and 


DB - 
CB 


AB 



a c 



So, - y*c . 



Thus, 



b^ =: x-c y -c =^ (x y)# c = c'^ ♦ 



Th'jorc.T; 2 j r; n.;i in'porLa.it thooro<n in f;eoriictry. 



It is called the 



r : !" 



xi^^i*v i^, t../^ vv^w.A^ i./jjOuv,. Lii^o c ciiiU IcgLi a Uiiu b rind oiio .'iGa3ure 



-'73 



ERJC 



'I, n 


- ] ;/. . 


1 






i 


I - 


'73, c :/ ,. 


I 


<i. a = 


3, b s: . 


i 

i 



^. K::;d BG, ;.Jj, .^D, 




Find the fdtitU'Je oi' fln aqualnteral ti-lungie in terms of the side 



i-'nt^Lli a. 



r 




l2\r,er:.r'^,t iho Py r.Ii\rorw^u\ Ti;coro;.i in terns ot^ arca<, 



ia'o the arou^ of thfj cf^uavos? 
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1 7» Ur>e the fifniro lo (;ive an aroa proof of the Fythaeoroai: Iheorem 




\ 2. L'so the fii^iTG to give an area proof of the Pythagorean Theorem 



9r Let W be the point of intersection 
of the dia^^onals of the square* 



Let 



Xii be parrillel to the hypotenuse of 
the rit;ht trian^e. 



Let m X XZ. 





my 














(31^ 
w > 











a» licv can square (6) be disectod into 

five ref;;ion3 four of which are congruent to (l), (2), (3), ^nd 
(4) and one which is congruent to (5)* (lou can cut regions 



congruent to (l) through (5) out of some paper an^ trv to fit 



them into region (6) if you h/ive trouble. 



b. cplain how this proveo the Pythagoi'ean Theorem, 



:75 



APP£.\DiX C 
VAI.inTTY FOCUS PASSAGFS 

Foou^ Passage FP 1 

Division and sets 



Here is a way to think about division. 



Think: 

There are 3 sots 
of 5 in a set of 
15. 

Write: 154-5 = 3 



(• • 


• • 


(• • 


• a 9^ 


(• • 


. . .) 



Think: 

There are 5 sets 
of 3 in a set of 
15. 

Write: 15 4-3 = 5 



.11 



5 is the divisor . 
3 is the quotient 



3 is the divisor. 
5 is the quotient.) 



EXERCISES 



ERIC 



1. Draw a S'^t of 18 dots on your paper. 
Ring as many sets of 6 as you can. 

[a] How niany did you find? [b] Soive the equation, 18 -^ 6 = ,n. 

2. Draw a set of 24 dots on your paper. Ring as many 
sets of 4 as you can. Solve the equation, 24 -r- 4 = 

3. Draw a set of 32 dots on your paper.. Ring as many 
sets of 8 as you can. Solve the equation, 32 ~ 3 = ;n;. 



4. Study the s^ts. Then solve the equation. 



(n 


□ 


C) □ 


□ 


□) 


(n 


n 


□ n 


^ . 


□ ) 


(n 


w J 


r: n 


n 


n) 


Cn 


n 


n r.) 








24 


-r-6 = 


n 





* ^ * ★ ★ 



★ ★★★★★★ 



★ ★ * ★ ★ A ★ 



2i-T-7 = 'n: 



[c] 



❖ <> ❖ 

<> <> 0 

❖ 0 



0 

> 



0 
•> 



20-4-4= n: 



5. Give the missing numbers. 

[a] There are 'i' ; fixes in 36. 
35-^-5= 



[s] There are sevens in 28. 
28 4-7= n 

("R'jnr i iilc J by pevh; i s i on . i", Icj-rvitary '^ch()o_l_ '■!at hcn."it_ic:3 , 
book Eicliol:: <!;id O'D.iff/r, .^Vaisb;{-- ',.o\s ley I'ubfisiiing 
('o;.y 11 y, JyoS.. j 
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I'ocus i'jissai'.c Fi'5 



Tin- CO.M.MUTATIVK PROPERTY OF ADDITION 

I. a. How many fin^jers ave shown in A? How many 
fingers are shown in B? 





b. A number sentence for A is 2 + 5 =7. Write a 
number sentence for B. 

c. Is 2 + 5 = 5 + 2 a true sentence? 

2. Solve. 

a. 3+6 = /i b. 6-f3 = n c. 3+6=/i + 3 

d. 12 + 17 = n e. 1? + 12 = n f. n + 17 = 17 + 12 

Twc wliole numbers may be added in either order 
without aflccting the sum. This is the commutative . 
property of addition. 

3. Add. Why are these sums the 34 25 
same? We check by adding in the +25 +34 
opposite direction. 



Solve. 



KXKKCISKS 



1. 7+9 = 9 + n 2. 47+3=n+47 3. 0 + 10=10+8 
4. n+94 = 94+38 5. 8G+48-n+86 6. 13+n=29 + 13 
Add. Check by adding in the opposite direction. 



7. 41 

+28 



8. 126 

+63 



9. 34 

+52 



10. 493 

+5 



ERIC 



(licprintcd by permission. I-'iv c , ExpJ.o rinf; Hlcmcntar y 
'J-rhyii-ai-jTs , Kccdy, ct al., 'ilo.lt, Ri nchar t and IVin.'^ton , Inc., 
'V/O.j' 
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Focus i\'iSS.igo FP5 



I 74 



Exploring idooi 



MultiplicatiOJi of 
rational numbers 



T, 



n unit 6 you learned lhat mulriplication of 
nntural numbers is a niappnig of the set of or- 
dered pairs of natural numbers onto the ,set of 
natural numbers. You also learned that the 
produet of two natural numbers is a natural 
number. In this lesson you will learn how to 
find the product of two rational numbers. 
A Look at ol. What arc the first and second 
components of each ordered pair of rational 
numbers named in the display? 
B {5, 1) is mapped onto the product ^ X 5. De- 
scribe the other mappings represented in dI. 
c Read sentence .A in d2. Sentence A ex- 
presses a true statement about the product of 
the rational numbers ] and J. The number fi is 
the product of 5 and i Is 6 tiie product of the 
numerators of 5 and 5? Is 12 the product of 
the denominators of 5 and l ! Remember that 
when we mention numerators and denomina- 
tors, we arc referrmg to the fractions lhat indi- 
cate the rational numbers. 
0 Senlence li also expiesscs a true statement 
about the product rf two rational numbers. 
What aic these numbers? Is lo their product? 

1 he product oj (wo ntfioncl nwnhcrs is a 
rational number indicated by a fraction. The 
numerator of the fraction is the product of the 
two numerators, and the denominator is the 
product of the two denominators. The work 
lhat follows will help you use variables to de- 
velop tiie delinilion of the product of two ra- 
tional luimbcrs. 
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(;.;) 


MO- I' 








i 


I 


1 








; ^8 



~" 10' 



07 



3 ^ 4 3~ 4- 
H w 2 _ « • 2 

10 I lo-i' 



y - — 



6rf' 



o3 



Universe for ^/ and c = N. 
Universe for /; and d -= C. 



^/ and ( ? is (lie denominator of y,,^' ti'.e product 
of A and (H 

Now we cnn define the product, t^li, of 
^ the rational numbers I and 5- The universe for 
a and c is N. The universe for /; and ^/ 1^ ^ . |-or 
each replacement of a, A, r, and (LiX^ - jj,^. 
G Read sentence F in d4. What replacements 
were made for the variables in ?, X 5 = j!5 to ob- 
tain the statement expressed by sentence F? 
Ls the statement true? How do you know? 
H What replacements were made for the vari- 
ables in X X 5 = to obtain the statement ex- 
pressed by sentence G? By sentence H? By 
sentence I ? Is each of the statements true? 

Decide whether each of the following sen- 
tences expresses a true statement or a false 
statement. 



04 



2 _ 7 X > 

3 6XV 
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X 



\ _ 75J< \ 
4 1X4* 



4 1 4 X 3' 



(Reprinted by permission. 
Seeing Throu p^h Mathematics , 
Book One, Van Hngen, et al,, 
Scott, Poresinan and Company,) 



product of two rational' numbers. The uni- 
\rtw for a aiKl c is N. 'Yhi universe for /^and 
// IS C For each replacement of a, b, c, and d, 

1 V 1 If 



e l.ook at d3. Doe^ sentence C express a true 
si.itcMKMU? Docs sentence D express a true 
•>laiemoni? Exphun >our answers. 
; Mov> look at sentence H in d3. Tliink of 
a:ul ^1 as ;»ny two rational numbers. The uni- 
vcisc for a and c is N. The universe for /; and 
i/ IS r. { . (i;c i\i{inti;iN^» of the piuduct of 
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Focus Passaiio 1-P8 



Expressions with Groupi ng Symbols 

In the preocdint; cxorci^scs you used the distributive law to >;ot a 
simpler algebraic expression. For example, 2x - 3(2/ 4- 5) = 2x — 6x 

- 15 = — 4/ — 15. The expression 2x ~ 3(2x + 5) was changed to 

— 4/ — 15, Note that the new expression no longer contains paren- 
theses as ^-ouping symbols. You can change an expression with 
parentheses to one without thern by using the distributive law. 

EXNMPLES 

Rewrite without parentheses and combine like terms. 
1:6 - 4(2x - 5) = 6 - 8x + 20 = 26 - 8x 
2: 8 - (3x - 5) Think: 8 - l(3x - 5) 

8 - (3:c - 5) = 8 - 3x + 5 = 13 - 3x 
3, 6 + (9 - 7x) Think: 6 + 1(9 - 7x) 
6 + (9 - 7x) = 6 + 9 - 7x = 15 - 7x 

lirackrts [ ] are used jiist cus parentheses to Jjroup numbers and 
alj^ebraic expressions. When an expression has two or more pairs of 
fxoupin^^ symbols, it is usually easier to begin by removing the inner- 
most pair.. The following exam.plc shows how to remove grouping 
svmbols and then to combine like terms. 



4: 3x - 4[2x - 5(x - 2)] = 3x - 4[2z ~ 5x + 10] 

= 3x ~ 41- 3x + 10] 

= 3x + 12x - 40 
= 15x - 40 



Removing ( ) 
Combining 

terms in [ ] 
Removing [ ] 
Combining 

terms 



lEXERCIStS^ 

Rewrite the following mthout groupiiig symbols and combine like terms: 
1. 9 - (7a - 3) 2. 9 ~ (7a +3) 



3. 9 - (- 7a - 3) 

5. 7a + (2a - 3) 

7. 7a - (2a - 3) 

9. 7a - ( - 2a -h 3) 

n. X - (3 2x) 



4. 9 + (7a - 3) 

6. 7a - (+ 2a - 3) 

8, 7a - (2a + 3) 

10. 7a 4- (- 2a 3) 

12. X - (- 3 -r 2x) 
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Chapter h 



280 



13. z - (- .3 - 2x) 

15. - (a - 6) + 6 

17. 5 + (2x - 3) 

19. 2r -f- 2[x + 3{x- 5)] 

21. 7// -) 2(7/ -8)] 

23. 8[3z - 2(z - 5)] 



14. (a + b) - b 

16. - (a - 6) - 6 

18. 2a + (a - 7) + 9 

20. 5Cz - 8{x - 2)] + lOz 

22. - 6C77n - 2(67n - D)] - 8m 

24. 9C3x - 7(x - 9)] - 1.23: 



(Reprinted by permission. Contemporary Algebra , Book One, 
Smith, et al., Harcourt, Brace and World, Inc., 19627) ' 
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7.6. Fnu linnsA Expntionts. f.ot r bo a positive luimhen 
To Ijiko tlio wo think, '^What i.s ono of tho two oqual 

faotor.s having a j)nv!uc;t of x^?" 



Since 




Vx' 




Also 


x'-x' = x' 


Vx' 


= x^ 




X-X = X' 


V? 


= X 











To indicate Vx using an ex{)onent wo mu.st find an exponent such 
tliat when it is added to ityclf, th.o aum equaly one. This exponent 
is i. 



xi 


■xi 


= X 


\/x = 


x* 




■xi 


= X 


Vx = 


xi 


X^'X* -x* 


1 


= X 


= 


X' 


X^'X^ 




= x' 


<G^ = 


xJ 




xi 


= 




xJ 



We .soc from lh(\se oxamplo.s that we may define x^ as v^, if 6 ?^ 0. 

Con.si(l(T tlic domain of each of the variables in the following 
exampl(\s and oxcn:iM*s as tho sot of positive real ruimbers. 

Examples 

1. Write the following radicals by the use of fractional exponentsr 

(a) v^Jp (b) 2v/j;?' (e) x'Vi 

2. Write with radicals in simplest form: 

(a) 2xi (b) a^bi (e) (abyi 

Ansivers: 

1. 00 = xhji (b) 2</]j7' ^ (e) x'\^ = x'x^ == x^ 

2. (a) 2x^ - 2VJ (b) - >^a/;5 (c^ - -^L = -"^^ 

Exercises 

W'riti; Willi fnu'l ioiml exponent^; 
210 
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(i. r,\/h 


7. v^./7/ 




11. \/7f 


12. 


13. xVJ} 


]t\. liv'^i 


17. Vhi 


IX. v^/'' 


Write with nKiiral.s:' 




1!). .r* 


20. 


21. 


21.. libi 


2.1. (2x)i 


2fl. (3.;/)i 


2!). 


.•■iO. ry'iji 


31.. .r.?/5 


31. r/'M 




30. xh/h> 


Writn witli radiv'al.s and 


.sinii)lify: 


87. x'^ 






■12. (xy)-* 


■1.3. (aV>)-} 


41.. 2a~i 


17. 6? 


•IS., a^i^ 


■19., x^J 


52. (a-^)-J 


53.. 





Kind the value of the following: 
57.. 4* 08. 9-J 59. 16* 

62.. (3')-' 63. (4J)-' 64. (0.008)J 
'i7. (A)-i 
Simplify: 

<tr,H. [(a'-")(«'' ')J^ ■K)9. 



9. V?//-' iO. 

14. aVb !.'■).. x'v/? 

22. 23. 2«i 

27. xiy} 28. aJ6« 
•'52. ri/;S .33. x^//* 

40. a??rJ 41. (a6)"* 

45. 5b~i 46. a' 

50. 2 J 51. 46* 

55., x'i/-J 56. a'bk-i 

60. 8^ ■ 61., 25-* 
05. (0.2.5)i 06. 

■*70. 



(Reprinted by permission. Coinemporary Algebra, Second 
Mayor and Wilcox, PrentTce-fialT, Inc . , "igosT) — 
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Focus^ Passage I-P12 



Exfonding tho ob$ ond ord functions 

Notice that since the time of motion of the particle along the square is 
measured by nonnegaiive numbers, the domain of abs and ord is the set of non- 
ncgativc numbers. \Vc can extend these functions so that their domams will 
include the ncgauvo real numbers by considering the direction of motion of the 
particle. Use positive numbers to measure the time of motion when the particle 
moves in the counterclockwise direction, and use negative numbers to measure 
the time of motion when the particle moves in the clockwise direction. 



counterclockwise clockwise clockwise 




abs(^ Vi) = - ^ abs(- ^ = - • abs (1 - 4v/2) = Iz^ 

ord Q Vl) = ^- ord (- I vAi) =: - ^ ord (1 - 4^/2) = 

To find the value of abs [or ord] for a given argument k, let the particle 
start at th( point (1.0) and move along the square at the rate of 1 unit per 
second for k seconds. The direction of motion is counterclockwise if the argu- 
ment is positive a-^^d clockwise if the argument is negative. The value of abs 
(or ord] is the first for second] coordinate of the final position. 



2S4 
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PkACTICE EX^,kCISES 



1. Compute. 

(a) abs(~\/2) (6) ord (~\/2) (c) abs(-l) 

(d) ord(-^l) (e) abs(-.5\/2) (/) ord(-6^) 

2. Sketch grapils of abs and ord for the argument-interval from -10 to 10. 



. Place a regular hexagon with radius 1 
on a coordinate plane in such a way 
that its center has coordinates (0, 0) 
and one of its vertices has coordi- 
nates (i,0). 'Let a particle P move 
on the hexagon starting in position A 
and either counterclockwise or clock- 
wise at the constant rate of 1 unit 
per second. Sketch a graph of the 
function which rehites the first co- 

•or<Iinate of each position to the 

time of travel to that position. [Use the argument-interval from -12 
to 12.] Tell the domain and the range of this function. Is the function 
periodic? If so, what is a period of the fu'icMon? 

. Repeat lixercise 3 for the regular octagon whose center has coordinates (0, 0) 
and whose vertex A has coordinates (1,0). 





B 






\ 

0 






(0,0) 

,/ 


/(I.O) 


E 


F 





(Reprinted by permission. Algebra with Trigonometry . Fehr, 
ot al., D. C. Heath and Company, 190377 
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APPENDIX D 

CONTRIVED PASSAGES 

Contrived Passage CP2a 

Gircu .f crcnce 

Is r. circle a closed plane fi{;urc? iiov dc you ,<nov/? 




The distrnce around a corclc is crilled its clrcur.fcrer;ce > GircuniTcr 

is to circle as ? ^ is to a polygon* Hov would you 

use • ruler to find the perimeter of a polygon? Hov u^uld you use a 
tape measure to find the circu.i:fcrences of the objects belou'? Kow 
would you find the dia*^*ctcr lengths? 




wheel can plate 



Copy and complete the table oelow. For 4- and 5 choose two circular 
objects and rr.easuro the circumference a::d diameter of er?h« 





Circunfcrcnce 


Dia:ncter 
Length 


Circa*if'.:rcncc 
Dianeter Length 


Vihccl 


88 inches 


28 inches 




C.-ui 


33 inches 


12 inches 




Plate 


31 inches 


10 inches 




(/,) 








(5) 









Are oi'.c five circur.fcrcncc Icngihs in your tcblc different? Are 
the c.i-.czcv lengths diffs^rcnt? How ::uch difference is there octween 
the r:u;nbcrs in uhe i::ct colur.n? I>r*e ti.-o nur/ocrs vhich all the nur/ocrs 



286 



in the l.-.rX column are betv.cen. 

It Ls true that vdicn th« circomfcrenc* of any circl« is dividad 
0, the Icncth of a di,-u;.«tcr of that circle, the quotient is always the 
sa-.e number. This number is named b; the Greek letter It (pi). The 
nui,.Ler It is about 3 ^ . How near to 3y were yotir anrvers in the 
l-'sc column of the abc/o table? 

If C st.nnds for the circumference of a circle and d stands for 
the di-'j cter then 



b. C = 1_ • 1 

:on6 c. d = -| . 

How c-m you use the length of a diameter of a circle to find the 
circu:;iference? How car you use the circumference of a circle to find 
the lcn(;th of a diameter? 
Exercises 

Find the circumferences of the circles in 1 - ^ 




( V 



3, di.-Mcter = 17 yards -4. radius = i inch 

5. a. Wl! -t is Lhe distnnco along the circle fro.n A to B? 



o 

b. Wh-t is the dist r.cc -C-on^ the circlo from A to D if you 
•.vr cure in the direction of the arrow / 
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c, tfihnt is the dist-nce fro . A D if ou go i:\ ;,:.e 
direction? 

6. A 7.crry-go-round .T^kes 30 complete turns. How ;an; fceL 

ilo.: id ..d Murtha e- ch "cravel if Martha's horse is on the inner 
rinc and Ron<'ild*s is on the outer ring? 




7. a. Wriat fraction of 130^ is ? 

b. Wh^t fraction of one-half of the circumference Is the shortest 
distance along the circle from A to P? 




c. Write n fornula ' finding the shortest diSL-rnce .-ilonf;; zhc 
circle from A to P In terns of x a id the diameter d . 

d. Write i formula for finding the lon£;est distance along the 
circle from A to P in .^rns ox x ond the dicii'ietcr d . 

0. If x^= 60^ and d = 5 inches v^at is the shorLest distance 

rdong the circle from A to P? What is the longest such distance? 
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Circa.;fcrence 



Contrived Passage CP2b 



•i circle a ploy£;on is a plsne closed figure. 






The distance around <i circle is called its circumference . Circa,, 
is to a circle an peri-.eter is to a polygon. You could use a raler zo 
find the length of er ch sice of a pol:-f,-on nd then add these lengths 
to fi.-.fl the peri .eter of the polygor.-. You could use tape measure to 
find Jie circumferences and diameter lengths of the ojjects below. 




o 



can 



iate 



The t:.ole below ^ives .,ha circiinf erenc«, diameter .leu^ oh, arid 
quoLlent of circumference divided oy diar.eter length of each of chese 
Corjects. 





Circu;,ifcrence 


Die'* ^eter 
Lenerth 


Circumference 
Di^raeter Length 


♦iaecl 


33 inchee 


^ inches 


3 1/7 




38 inches 


12 inches 


3 1/6 


Plate 


31 mcnes 


10 inches 


3 7/40 



Notice Lhat while .he circu..ifcrenccs differ ...d uhe dia .eter lengJ 
iilTcr, o. c quotients of circa':if crence divided by dia leter Icnguh do 

i-Tfer very ,;uch. It ,c only ^ec-unc of in£.ccurc.cy of ..asurccnt 
L-a .he numberc /.n tiie last colu.7.n differ at alll 



289 



Lt r. ziMQ Jrr I \::ien .he clrcu:iference of any circle ,s divLiied 
0^ .i.e Icnt-h of r ci-: .cccr of ulvit circle, zhc quotient is Iv^nyc 
ii\e s/i'.e r.uraber* This nur.ber is ri:i»ed by the Greek letter TT (pi). 
The nu*ub( r If i.s -loout 3^ . liotice hov close to 3y each of :ho 
niLa.yCTs '.r. the fin.ol coliunn of the -ibove viable is. 

If C st-tnds for uhc circiunforence of a circle ?.p,6 d st-.nds for 
di.a:.ecer then 



a. 

c 

b. C 

c. d 



C ^ 



You cMi use for'ula (b) v.lth 3^ for IT to find the circumference 
cf i'lrclc when you know ohe Icngch of a dia.ieter. You can use forniula 
(c) t'^ 1 L .6 -Jie length of - ■ i- .ctor of a circle when you k ow -he 
circur..fcrcr.ce# 



^zeroise?, 

u Go -^Ic'.e the ^aulc. 



Circanf crcncG 



3) inches 



Dia/.eter 



5 inches 



Radius 



4 feet 



C 
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F n<\ .he circu-.ference of c-jch circle in ihnvagh 9. 

3. 




5. 




6. d = 17 : ards 7. r = -2- inch 

3. d = 7/11 Inch 9. r = 3A mile 

10. a. What is the distance :lon£ v,he circle from A to B? 




11. 



b. VJh'it Is the dis.'ince along the circle fro a A to D if you 
travel l . the direction of the arrow? 

c. Wiiat is the dLsLance fron A to D If you travol in the 
o \oosite direction? 

x\ iiprry-gc-Eound ■..'rJccs 30 complete t.ums. How imy feet ulll 
iion- Id ' id M-'rthe. each travel if l^rthds horse is oa the inner 
rii.^i ud Ron-Jd's is v. the outer riag? 
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Contrived Passage CP4a 
u3in(, w.U'.tionf^ .(I iiic ,Ur'J.iLics 

A U foot board is cut into 3 -aeces of equal length* To find 

the Xo.nilh of each piece, consider the equation 

3 • X = 12 . 

Solving this equation we find, x = 4* Hence, each piece is A feet 
long. 

Five girls v;ant to she re 23 apples evenly. To find the greatest 
number of \viiole apples each girl can get, consider the inequality 

n • 5 <23 • 

Using the replacement set of \hole numbers, the solution s«t is 
{ 0, 1, 2, 3, ii'^ . So the greatest number of apples each girl 
can { et is 4* 
Exercises 

Write and solve equations or inequalities to answer the problems* 
1. In 3 ^j- ys the liner on i^ich Carol was traveling steamed 1536 

miles. If it steamed the same distance each day then how far 

did it go each day? 
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2. How aany tile would it take to cover the floor of a rectangular 
room with length 20 feet and width 13 feet if the tile are 



Svjutre with 12 inch sides? 
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3. iiov Auny $ foot bo;jrds can be Made out of 17 boards of length 
12 feet? 





A* If you bough-.; 25 hotdogs for a cook-out and each person at the 
cook-out hrs to have 3 hotdogs, vdiat is the greatest number of 



neople you could have at the cook-out? 







5. In a dart game Sam scored 25, 10, 25, r.nd 35. Penn^ scored 25, 
<:5> 15, and 20. tho von the game and by how much? 
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Contrived Passage CP4b 
lr,Ln|j Equations nnd Inc<u>'ditios 

b^u^t;.ons nnd inc^iunli ticn cnn be used to solve real world '^rooler.s. 

To do this follow the steps outlined below* 

1, Express the unknovTi quantity or v/hat ^ou want to find as 

some symbol, sny x. 

Using the information ^ivcn write an equation iaich as 

a + X = b 
or PiU inequality such as 

X • c < d 

relating x to laiow:i quantities a, b, c, a..d d. 
3. Solve the equ.-ition or incqu.-dity to find the values of x 
nd thus the answer to the problem. 

Exerciser 

Write a /I solve equations or inequalities to answer the problems. 
In 3 d'-.ys tl'e liner on which Carol was traveling stea .ed 1536 
lailcs. If it stcained the same distance each day how far did 
it ^,0 each dry2 




How wiany tile would it ^ake to cover the floor of a rectangular 
rooiTi with length feet and width 13 feet if the tile are 
S':i-re with 12 inch sides? 



r 



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
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3. How ...-my 5 foot .>o -Tdc c-,n bo .nde out of 17 bo:.rds of Icng^oh 



er|c 



# 



17 C 



1 




• 


1 


• 1 


1 




1 - 








1 

t 








t 
1 








i 


1 





If you bought 25 hotdogs for a cook-out and ec.ch person at the 
cook-out h;'S to have 3 hotdogs, what is the greatest number of 
ocole you could have -'t the cook-out? 




5# In a dart game Sam scored 25, 10, 25, • nd 35* Penny scored 25, 
25, 15, '^nd 20* W!:o wn the gcine .-^id by hov ..luch? 







ZT 




lO 




1-9 


IS 


3r 


lO 
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Contrived Passage CP6a 



of k or ,j 



o . n Lhe pointer on ihe dinl below. 




H 



red 



oluc 



^reen 



v/hite 



V5 



The event (R or G) can occur tv.lce out of 5 equally likel^' outcomes* 
So P(R or G) = iioiice that P(R) = 1/5 -aid P(G) = 1/5. So in this 

^ P(R or G) = r(R) * P(u). 

Ir. aoovft ex: ■-.G pointer c^n not stop on both R and G. 

x'h;<t t.'ie events R "nd G en not both occur at the sa.rie ti.ie* 
Event:; xi - r.d U - re c lied mutually exclusive if ^nd only if they 
CcU. r..>t joLh occui -tt Uio saiae ti ie. 

Low suppose you spin the pC)iliter on the dial pictured uelow* 



4i,co.cs. So P(3 or even) = V5. ^ut, P(ij) = 1/5 niio ?(cven) = ^/^ 
So L.. :• c ::c ?(B or even) ^ P(even), 



P(o^ j) = P( 1 or 3 or 5) = 




P(cv;n) = V 



(3 or even) c\n o< < uz Ivice out of five por*:;ible 
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in the ex.-i..ple just considcrad the pointer c-jn ston --1: ooth B 
nd r. even number. So the events B .-md even nre not rauturliy exclusive, 
r;-iO i. o o:c.,.pLcs zbovt illusLrato the follovving i.;;portmit nrinciple 
of iro.-D.ttLt". 



A and B arc mutually exclusive cvs.vLs if and only ~~ 
. P(A or B) = P(A) •»• P(BK 



This result c-n oe gencr-dizod to nore :h n t'^ events as in the 
foilowing state lent. 



Si ,fix , • » • ,E h nr-i p-dnviso mutually exclusive events ' 
(i.e. S, and Ej -re uatu-lly ecclusive for i ^ j.) 
.if and only if ?(E. or or « » » Eii ) = P(Ei) * P(E^) * * p(£^). 



iiX'.rcises 



1. 




a. P(2) = ? 

b. P(7) = ? 

c. P(even) = ? 

d. ?(odd) = ? 

9. P«3) = ? 

f. P(^6) = ? 

g. P«l} =? 

h. P( between C 



: 9) = 2 



^.-ppose ■ single die is rolled. 

a. P(l or 6) = ? 

b. F(even) = ? 

c. ?(not l) = ? 

d. p;odd) = ? 

e. p(nol 1 or 6) = ? 
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'}), Olip.'. • 3 L.iKi • / • , I u '-ICC. 

a. P(;..) = V (11 = head 1st l^cr,, tcil ^nd Loss.) 

b. P( : ) = V 

c. P('r.:) - ? 
ci. p(t:) :^ ? 

e. Arc \li ;-^d Til r'utually exclusive cvc^iL..? 

f. ATc .d T-' t;tu.-'ily exclusive event sV 
i,. P(nt I'-.-, r.l one head) = ? 

h. P(at ] eafft one >-ail) = ? 
4. a. P(R) = ? 

b. ?{J) = 1 

c. p(y) = ? 

d. P(5) = ? 

e. P(evcn) = ? 

f. P(odd) = V 

g. P(R or odd) = ? 

h. P(J or even) = ? 
1. P(o or ^ 3) = ? 
j. i^(Y or < S) = ? 

k. rti.ich pairs of events in • through j are ..ulurlly exclusive? 




ERIC 



298 

o , u.,.. , Contrived Pass age CP6b 
Probability of A or b ^ 

The pointer on n circular .Jial sninc; a .d .otops on one of five 
sectors of equal area. The sectors are colored red, blue, green, 
yellow, and w;.ite. The probability that tne pointer stops on olue 
is 1/5. Mint is the probability that the pointer stops on red? 

The event the pointer stops on red or Erecn can occur twice 
out of five equally likely possiole outcomes. So the pro^oility of 
red or ereen is 2/5. Notice that in' chis example the prooability of 
red is 1/5 aj-.c the probability of green is also 1/5. So in this 
exa.ple tne .ro.,abilit.y of red or green is equal to the probability 
of red -iluf; ,he prc^^i^iliLy of green. 

In the above example the pointer 0. the dial can not stop at 
.oth red a.d green. That is, the events red a.:d green can .ot uoth 
occur at the sa.ne ti.„e. Two events that can not both occur at the 
S.-1 le Lime -.'ro called .i.utuallv exclusive eve its. 

IJow suppose we number the colored sectors of the dial in the 
above ex^iMple. Let the red sector be numbered one, blue ^e two, green 
..e three, yellow be four, a d white ue five. The event the pointer 
stops t lue or an even nu.-:.ber can ocr-ur twice out of five possible 
outcomes. That is, two out of the five possiole sectors 'would produce 
the requi-red event. So the prooaoility of olue or even is 2/5. But, 
in this exar.ple the pro^bility of ulue is I/5 and the prooaoility of 
<^ven number is 2/5. So in trie exa ,ple the pro.a.,ilit: of .lue or 
even not eq„al to the sum of the pro.aoilities of olue and even. 

In the ex.v.pie ju.-t rj.ven ohe pointer c:m stop at 00 .h ulue and 
-^n ever, number, .hat is, Lne events blue .:.d even can both occur at 



the name tine, 5o m t:ic exn .pie tiie eventr are not ..utually exclusive, 
xhe two examples <)bove illusurate the following important princi'lc 
of pro a bility, 

I\ro eventG are mutuall: exclusive if and onl: if the prooability 
of 0:^6 or ihe ov^her X3 '-^i.e sum of ihc orooabilities of each one, 

Thir> recult can ue generalized to more than one event as in me follovan 

state iCP.t, 

A events nre noirwine 'Utualiy exclusive (i.e. each pair of 
Ihor.e events is a mutually exclusive noir.) if and or2y if 
the prooability of the first or the second or the nth event 

is the sum of the oroDc>bilities of each sinf7.1e event, 

Exercises 

1. A dial is divdied into ei^^ht sectors of equal area and numbered one 
through eight. When the pointer is spun viiat is the prooibiliLy of 

a. .etting tw2 

b. ^etting seven? 

c. (^^etting an eve^i nurnocr? 

d. ^etting a . odd number? 

e. getting a number less than three? 

f. getting a number greater than or equal to si:C? 

g. getting a number less than one? 

h. getting a numoer between zero and nine? 

2. Suppose a single die is rolled. What is the probability of 

a. (jetting one or six? 

b. getting an even number? 

c. getting an odd number? 

d. getting sonething other than one? 

e. not getting one or six? 
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3» Sunnone • coin ic l.or;:;ed twice, 

a. Wn t ic ihe nrcability of getting two heads? 

b. Of cottmg a head a d Chen a tail? 

c. Of getting a lail - d then c he^id? 

d. Of {jetting tvro t.nils? 

c. Are getting a head a d ::ien a tail a. d getting a tail and men 
a head nuourlly exclusive evencs? 

f. Are getting tvo he.^ds a d ge^-oing two tails mutually exclusive? 

g. W(. : ic ihe oroliaoility of getting at least one head? 

h. i>tjAt is the probability of gettin^ at least o;.e tail? 
Sur)')oge a circular dial is 'JividecJ into twelve sectors of equal 
nrea numbered one through twelve. Suppose sectors one through six 
are red, sectors seven through nine are blue, a .d the re.,-;aining 
sectors rre jellow. What is the probability of 

a. ,,cUi;.g red? b. getting blue? 

c. geiting yellow? d. getting five? 

e. getting an even? f. getting an odd? 

g. ocuing red or a odd? h. netting ulue or an even 

i. getting a blue or a na-nber less than or equal to three? 
j. getting a yellow or a number less than six? 

k. IMch pairs of events in e. through j are mutually exclusive? 
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Contrived Passage CP7a 
So, ,c Lo< I' 1 Conr^Q,d(T.rcc of the Axio ms 

Supnce ;n is n line in plane ft • 
li. Axiom 1(a) there is n line n in 
with n ^ By Axiom l(b) sphere -re 
disiiact pomuo A nnd J in line n. 
Nov i.f uoih A Find J were in m t:ien« 
we i.'odd ii^^ve m = n v^.ich is not the caae. Kence, at least one of .he 
')oi .tr: A or ii is ;n m. Thus, we hnve the following theorem. 
TheoreLi 1j :f ra is a line in plane It iheu there is point in IT 
v:hich is 'lot in Tx, 

Now, by Axiom l(a) there exists a line 
m in plane IT . ^y Axioin l(b) ^here 
are distinct points A and 3 on ra. 

^ifheoreni 1 there exists a noint C 
in plane 1T out uoi in line ra. Kence, 
we h ve our second theorem. 

Theorc.:) There are nt lear.t three .on-collinear points in a given plane. 

Let ra G d n be tw distinct lines in 
a Dxane TT. We know such lines exist 
b, AxLom l(a). Aspume there are two 
ciscinct noin.s A and B so that Af raA 
and J £ m A n. Then n. and n are tvo 
uiijtinct lines each co ing ooinos A a d B. But, cliis is i.'npo-siblc 

/ocio:;i Kence, the a.>ove assumotion is imposrable ruid we h/ive proven 
our Lhdx*d tneorern. 

Theorem 3: Two distinct li cs can not hrve more than one point in corj,.on. 
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Ijov let A be n; poin^ in plane TT • 
ay ArLom l(a) ihere are two cist i:\ci 
lines in a d n in IT . If ooth m ind 
n contain A then we have points 6 n.nd G 
with B in n, C .n m, A ^ d, and A ;^ C 
uy Axiom l(b), Further:iore, i ^ C 
because of Theorem 3. Therefore, -.here 
is II li .e 1 concai ing B and C by 
Axiom 2. This li ,e 1 can noi: contain A since if it did we would have 
A, ii, nnd C ill on 1 and 1 = m = n which is ir.ipossible. Thus ve have 
Ghowij lhal in case At mAn then Lhere is a line 1 in IT vath A not on 1. 
Clearly, if A ^ n/1 m then either .1 or n does not contain A, Thus we 
r.r^ivfj ent.'i-.iished the following theorem* 

Theorem If A is a point in a plane 1>*then there is n xine in1^ 
v:hich does not contain A. 

Lxeicises 

Prove the follovan^^ v^heorevis. 

1. ^heoreif* 5i If A is 1 ooint in plane then there are at least t\<o 

lines in T| each co:;taining point A* 

2. Theorem 6t There are at leart three non-concurrent lines in plane tT* 

3. Theorem 7: If each of two lines in It is parallel to the sa.ne line infT 

then Ihey are par.-^llel to each other* 
4.. iheorem 8t If m is a\ line i:. plane *f^then '.here are at least two 

points i . Tt which are not in line m* 
5. Theorem 9: If A is nny noint in plane TT then T:here are at least two 

lines in wtach do not contain A, 
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Contrived Passage CF7h 

'xheorem 1; If ir, m line i.. plane TT Cnen there is a poiM in ff 
which is liot In in» 

a li e in plane TT • 







IT 


A 




— > 


<^ — 




1 



bUDpose 111 is 

J\ Axlo..'. l(a) there is a line n in 
vdth n ^ 3y Axio-a l(b) ::here -re 
dis.-inct points A •_ d ^ in line n. 
Now if both A and J were in m then 
\je Olid :.£:ve = n '«iiich is -oc ^e case* Hence, at least one of lie 
'^o:r. A or B is not in .t.. Thus, we have the aDove theoreM. 
Ti;core .zt There arc at least ihree non-collinear points in a given pir ne. 

By AxLoTi l(a) there exists a line m 
in a plane IT* 'Sj Axio.z 1(b) there 
are distinct points A r.nd 6 on ra. 
By Xheoreip. 1 there exLstr a point C 
in plane TT bu u not in line Hence, 
we have our second oheore:n# 





« 










1 








distinct 1 


ines ca:. 












v., ^ 





a plrne TT. ife know such lilies exist 
oy Axiom l(a). Assume there are two 
distinct poin.s A d B so thai AtmH n 
aiid B f m fin. Then m and n are two 

distinct lines each conL^iring points A ond B. But, this is impossiole oy 
Axio-: 2. Hence, zhe .^ibove assuniooion is i. .possible aid we have proven 
Theore::. 3* 
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i'hcore.i A: If A .s r point i.i a plane tt uhen there is r. li:ie in IT 
iN^uch does not contc-an A. 

Let A oe -ui^ point in IT. J\ Axiom 1(a) 
there are two distinct lines a d n 
in IT • If either m or n does not 
contain A then the theorem is true. 
Suppose m and n ooth contain A, Then 
there exiBrt points B and C vdth B in m, 
C in n, B ^ A, and k by Axiom l(b). 
Furthermore, B ^ C by Theorem 3. Now, 
there is a line 1 containing 3 and C b;. Axiom 2. This line 1 can not 
contain since if it did we would nave A, B, and C all on 1 a^id 1 = m = n 
wiiich is iapossible. ihus, we have eslablished the above theorem, 
Exercosec 

Prove tile following theorems, 

1. iheorui 5: If A is ^oinL in plane If then there are vX lea^it two 

liaes i.i If each conuii Ing point A. 
Thcoren 6: There are at least three non-concurrent lines in plane XT . 
3. Theorea 7: If ench of two lines in 1»- is parallel to the sa-e line in If 

then they are r)',rallel to each other. 
U. Theorem 8; [f m is a .y line i . pla le tr then there are at leact two 

poijts in tr whi.h are ot in line m» 
5. Theorem 9: If A ;.s any point in plane It then there are at least two 

liner, in IT vMch do not contain A. 
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Contrived Passage CP9a 
G'-.rif-.-: V ii i-rcdu tc ■■• Hei tions 

i.ct " = {l, ^i, 3^ - ' L = {a, b} . Forming the set of all ordered 
')-:ir,'. whone first co-iponont is from a and vhose vecon component is fron 
d ve ..'ve {(l,a),(2,a),(3,a),(l,b),(2,b),(3,b)}. This set is denoted 
{l» 3\X{a>^ or A X B. AX B is read " A cross B" ■:nd is called 
t}>o cartesian product of A -nd 2. Notice that ii\ -.hir- exa .-ac -m ordered 
(,:,:)£ {l, .1, fi)i{e, b} if a-.d only if xt Jl, 3^ a d yf{?., b} 
:.oi' .citing !■: ={^^A^ and X = { □} ve i^ave, 

^ = f (+^), (♦,♦), (4^), (A^), {AP). :;otice that in this 

'Lc KOi'J =f a1 ji^ But, if the example above AX B = ♦ . 

« » » 

1. Qive the roster name for each of the following cartesian products, 
e. {2, 3, V'i X fo, 2, 3, 5, 6^ 

c. (x ( xf W and X < X f ^1 zf W ond 2 5f ll'i 

d. A X A where A = {x | x f w, x is even, and x < 9) 

* # # 

Let = {1,2, 3} ord B = f a, b} . 
Let R = [(l,a), (2,b), (3,a)> • 

Then RC AX 3 . We saj the set R is a relption ^rotp A to 
Suopose Sc£(l,b), (3,b)"J • Since S c A X B, then S is also, a.relat ion 
from A to B. 

* # 

<:. L'ike up a reL-ttioa from ^he first set to the second set in each part 
of exercise 1. 

3* i-'-ke uo a relation froia the second set to the first set in each part 
of exercise 1^ 
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Let = £x |x is h iale human beingl 
Let B = f y I y is a fe^iale human being^ 

Let K =f (a,b) | b is ^he daughter of a and a is the father of h} 
Then RC A X B and hence 2 la & relation from A to B, We might call 
^hir^ relation the father-daughter relation. 
Let U = f xjx is a hu.Tian being^ 
Let S =J(a,b) |a Is the brother of b} 

Then SC U X U nnd S is a relaiion from If to V. Notice that the 
set U is used as both the first a d second set i.. the cartesian product 
in ohis ex.aiiiple. In such a case we say S is a relation on U* 

» « « 

4. List tvo elenents of the father-daughter relation. 

5. List I.WO ele leats of Jie brother relationship. 

6. winch of the follovdng sets nre relations? Give the roster na,;ies 
of t/.ose wiiich are relations. 

«. { «ix + 3: I X f W, y t W, X < 5, r. ,ri y<3\ 

b. 2, X 

c. {(x + 5, 3x) I X f W and X < 3^ 

d. [l, 2, 6'ixf-l, -4, 3, 2\ 

e. 0 

» » » 

Let 'rt he the set of whole numbers. 

Let L = f(x,y)|3 c£N such that x ♦ c = y} 

Since L C w X W then Lis?: relation on L is such an .important 
reintion on w that we give it a special nane. L is called the "less than" 
rei tj.o:i -y.i W. We usually denote L by < and write < 3 or 2 L 3 to indicate 
th;.t (:;,3) £ L. Both of tl:e stai,e..-ients 5 L 9 and (5,9)f L mean the sa .le 
thmc. 
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# <f 

( 7. a. Define the relation > on W in teras of ordered pairs, 

0, List five ordered [^airs in che relacion ^ on W, 
1 c. Rewrite (a,b)f> as a > b for each of your j^iswers to b, 

I 8. Rewrite yoar ansvere to exercises 4 at^d 5 in the form x R y where 

, R represents the relation ^iven in each proolem, 

! » » 



ERIC 
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Contrived Passage CP9b 
O-'^tcrAnn Products a d Rel'tions 

Gonririer arbit^^ry sets A ?md B and the <:et of all ordered pairs wl.osc 
firr:. CO -^^orient is an eie icnt of A and ^A/hose second co ponent is a.; eie.ient 
of Such sets of ordered pairs are impori;ant in nar^ oranches of aaihe- 
maLics. We now ^.ake ihe follovii;g for.ial definition. 
Definition 1: For all sets A and B, 

A X ^ = £ (x,^) I X i A and y I b}. 

A X B 13 rerd A cross B "aid is called the cartesian 
product of A and B. 
lixi i imediote consequence of this definition is the following theorem. 
Theorem u (a,b) f AX B <^ a I A and b f b. 

Proof: let (a,b)£ AXB. Ihen (a,b) « f(x,y) | x£Aandy«B}. 

So^ a € A and |^ ( B, 
( ^) Let a £ A and b f B. Then (a,b) f f(x,y) | x I A and y £ bJ= A X 

Definition 2: Let A and B be arbitarj sets. 
Let R C A X B. 

Then R is called a relation from A to B. 

rhLs definition tells us that arij subset of a cartesian product of two 
sets is relatio'i froa the first set to the second set. When RC A X A 
we have a relation fro a A to A. In this case we say R is a relation on A. 
The i^iea of a relation is an important mathematical concept. Man: relations 
ca . be found a'd are used in everyday life. Among these are all the 
oioio^-ical relationships oetv/een people. 

Let R be a relation. SiMe RC AX B for soiie sets A and B we k .ow 
t!.e ele ents of R must be ordered pairs. Thus we can write (a,b)t R 
to a.ow me ordered pair ( ,o) is in the relation R. Man> times we write 
a R b to \ndicr.Le that (a,b)€ R. Both of these state:nents rnean exactlj/ 
ohe sane thing. 
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iixercisec 

1. Give Lhe roster ncme Tor each of the following cartesian products, 
a- 3, 7}XC0, ^, 3, 5, 6} 

c. { X j X t W and X < 4^ X {z I z £ W and z 5 £ 11} 

d. A X A where A = {x| x X W, x is even, and x < 9^ 

i*>}ke UD a relcotion fro^'I the first to the second sei i . each part 
of exercise 1. 

3. l^nke \xn a relation fro . the second set to the fircit cet in each part 
of exercise % 

4. List two elements of the father-daughter relation*. 

5. List two elements of the brother relction* 

6. Which of the following sets are relations? dive the roster na.nes 
of thoet Miich are relations* 

a. f I X f W, y £ W, X < 5, and y 1 33 

b. X Zf 

c. f(x ♦ 5, 3x)( X S W and x ^ 3} 

d. {1, 3'\xf-1, 3, 2} 
e. 

7. a. Define the relation "less than" on W in terras of ordered pairs. 

b. List five ordered pairs in the relation "less than** oil 

c. Rewrite (a,b) g "less than" as a < b for each of your answers to b» 

8. Repeat- exercise 7 for the relation "greater tban^^'on W. 

Reurite your answers to exercises A and 5 in the form x R y where 
R reoresents the relaCion £iven in each pro;)lem. 
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Contrived Passage CP 10a 
I-.fMn i-^ro ^or..Lor.-.l ..■ .he P- th.-i^ore,-)i: iiicorem 

Since AiJC<-»GlJ.. i!i Figure I Is .•; r;i .Ll-rity, ii i\-,u.--,.j fro-, ii.c 

<ief.:.it:o.., of .,i iLTiiy Ih-l = . xhat is , it follow. :h.t 

—f- = -y- • 5o, h*- = x.y and h = VxTT . 

The ::ef; ,c:.*„ CD is said lo a ;nc.-vn orooor .ional betv.een the se^,.cn 
.JJ a .d Dj. You cf:n coupute the ,:easure of CD uy ju«t ccputing .he 
sqirire root of t/.e product of i .e ..earures of AD ■. -.d iZ. bo, ue liave 
f-^. i ''-I'.f, .hcore 

TJ.coren. Is The altitude to the h>no. cause of a right tri-,ngle is a .^rM. 

nropor io.i.Tl ..etween i.he seg .cnts in^o which .he fooL of the 

al-.ii.ude divides tJie hypotenuse. 

iUr.o in FlLOire [, since ACD ^/wuC is a si.iilarity, it follows .hat 
A]J AC 

■^^5^ ' '^^^ • So, AC is a iic^n nroponio.ial between BD -i:d §A. These 
reoiiits ^re ar:eful in establiohing one of .iie i.osi impor ant theorei.^s in 
iCO .Qtry, 3i'^.ce fro. '.he;:! it follows ^hat 

= x»c ^ifid a*" - j^c • 
Therefore, a* * b» = y.c * x-c = (:-^x).c = c* . Thus we hava 
proved the Pythagore.-U! Theorem. 

Theorem ki /ne .oi- of the squares of t.ie .ca-ures of the legs of right 
triangle is the square of the measure of Ihe hypotenuse,. 
The Pythagorean Theore-n is a surprisi:ig res'olt, ecDecially if ; ou 
interpret it in er ,s of ,-rea. In Figure II, squares ar.' aravn on ca^h 
or llie sides or a ri^ht tria igle. 3 nce the area-aeccure of a square is 
the rquare of t..e cpsure of oe of i.ii sides, the P;-thagcrean Theore-n 
tells us tiiat the liur: of the area-neasures of .he squarer; ot the Ic^s 
i" the area- ea~ure of '.he square on the h^no.enuse. 
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it IJ' ivc o hf.r '>ro')£*': ' ?: t a -r- -^^ rhecre:; i;. 

I cr "T j'« i ' ':r Mf-; f fjiiro lii ^'t^ :;(jc ho\ ir. ^ooriblc 

(iir:ecl. the l-rrcrl .:;U''re i'to five refnons, four of which are co.'.^r.crit. 
to reijionc {'c) , (3). -^ind (4) and one of \;hi^h is concruent to 

G';u'jre (5) • 

Ciher ' r.^ :\ [jto-- hes to t:ie P; tha^orenn Iheorc; rc illuctrated by 
Fijire IV i^nd Fic^re V. In Figure IV ve have (a ♦ b)*= A (j a»b) . 
bo, 8*** - ab b* = i a»b c*" . Hence, a* b* = . In Figure V 
\;e liave c^ = A a*h) (b - a/* = ^ a*b b* - a*b a** = a* ♦ b* . 

Flnnll; it is porcible to use the Pythagorean Theore .1 to find urJcnov.'n 
ionghts in riglit tria:icles os illustrated oi the following exo .pies. 
:.:<r. nle 1: F nd JC in Figure VI» 

S*:ice a* 7* = 25^ , ic follows that a** A') = (^^5 ' r.d 
th-t a^ = 576. Hence, a = H57^ = '^A. So, BC = k^. 
hyj. nlv rit Find a3 n Figure VII. 

S'^cc c** " 6*"+ IC** , it follow- tna . c^= 136 and thnt 

c = = '^yfH. So, Ao = ^/3r. 

lUX'L. ue 3: Find t.ie .earure of n ?dtit>ude of the equil/jteral triangle 
in F> gure VIII* 

Since (Aj)^ = (AD)* n^ , it follov- ohac 

= 6^ - (1)^ = 36 - 9 = ^7. So, h = /27 = 3^ • 
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Lxercires 

1. For right ZS/vBC with hypotenuse c .-md le^s a 
of the third side, 
a. a = 2, 0=5. 
^. a = 9, I = 13. 

c. a = 3/z, c = 2. 

d. b = 2/3, c = 3/2. 

e. a = 3, b = ifa . 

^. Find the indicated meaGures in Figure X. 

3. Find the indicated .easures in Figure XI. 

4. F,.nd the indicated .eesures in Figure /LII. 
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Contrived Passage CP J Ob 
Kcar Prooortio:i"l a c zhe P;,thaGorean Theorem 

Definition 1i Given se^; lentc AB, and 

Then CD is the mean proportional oetween A3 md S 

if and o 1\ if = . 

CD LF 

Theorem 1i The aUltude to the hypoienuse of a right triangle is a 

maan proportional between the seer.ents i^to which the foot 
of the altitude divides the hypotenuse. 

C Proof: Since ADC CDi. is :? ciiilprily it 

follows by defirii-ion of similarity 




AD 



. . . AU DC 

""cd" ~ ""^^ proof is 

co.-nplete. 



Theorem 2t The sum of the squares of the '.easures of the legs of a ri£,ht 
triangle is the square of the .lensure of the h;ypotenu3e. 

C Proof: Since ACD AdG is a similarity we 




have 



AD _ AC 



AC 



AB 



or 



c 



So, b = x»c. Similarly, C3D 

is a si'iilarimy and -M_ = CB 

CB A3 



ABC 



= So, a* = yc . Thus, 

a* ♦ b* = x.c ♦ y.c = (x ♦ y)»c = c* , 

Theore- k is an importa-it theorem in geometry. It i.s called the 
Pythaeorean Theorem. 
Lxerciges 

1. For right 4 AiJC with hypotenuse c and legs a and b find the -leasure 
of the third side, 
a. a = 2, 0 = 5. 



ERIC 



315 



ERIC 



b. a = 9, I = 13/-:. 

c. a = 3/'' > c = ... 
0. b = ---/3, c = 3/-^. 
e. a = 3, b = \fa , 

2. Find DC, AD, .-md BD, ^ 




3. Find BC nnd DE. 





D 




5>^ 




3 



i B ^ ^ 
4. F'.nd AC, BC, and DD, c 




II D 3 

5, Find tlie altitude of an equalateral trian^e in terms of the side 
length s. ^ 




6. Interpret the Pythagorean Theorem in terms of area. 

What fere the areas of the squares? 
How are the areas of the squares related? 
Why? 
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7. Use the figure to ^ive an area proof of the Pythagorean Theorem. 




8. Use the figure to give an area proof of the Pythagorean Theorem. 




c 



9* Let W be ^he point of intersection 
of Lhe dia (clonals of the square. Let 
aZ be oarallel to the hjpouenuse of 
the ri^ht triangle. Let WY X XZ. 

a. How can square (^) be disected into 
five regions four of which are congruent to (l), (2), ^3), ^' nd 
(4) and one which is congruent to (5)* (You can cut regions 
congruent Co (l) through (5) out of some paper and try to fit 
the.T: into region (6) if you have trouble^ 

b. Explain how this proves the Pythagorean Theorem. 
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APPENDIX E 
CMMT ANALYSIS COMPUTER PROGRAM 



This program perforins the CMMT analysis for mathematics 
text passages. Rater codings are punched on data cards 
The output of this program includes the CMMT li; 
matrices, and proportions for each passage analyzed. 
Any number of passages may be analyzed in a single run. 
Fortran Program Statements. 



- DIMENSION A{rt)-,7)-98{lO»IO) »Ctrt7r»M(45) 

N=0 

4« bLANKsO.O 

TOTAL = 0.0 

00 1 I=i»10 

00 1 J=l»7 

1 A(I»J) = 0»0 

DO 2 I=lflO 

DO 2 J=l»10 

2 8{ItJ)=0.0 - - • — 

DO 3 1=1,7 

DO 3 Jsl,7 

- 3 -C(IrJ)=0,0 -- - 

JJ1 = 0 
JJ2=0 

N=N*1 " - - . - 

9 REA0(5»4) (M(K) ,Ksl,45) 
4 F0RMAT(lb{l2»Il,l2) ) 

- ir(M(l) .£3.99) r,0 TO 45 - - _ 

IF (JJl.tO.O) WRITE (6»96) N 
96 FOKMAT(19HO LIST FOR PASSAGE «I4) 

1 = 1 
J= 2 
K=3 
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60 TO A6 
60 To 46 



60 



- 6 
7 



70 



10 



J1=M(I)- - 
J2=M ( J) 
J3=M(K) 

IF(J1.EQ.88) 60 TO 5 
iF(Jl.br.lO.OH.Jl.LT.O) 
IF ( JiitGT.7tOH. J2.LT.0) 

IF(J3tL7.0) 60 TO 46 " ' 

WRlTt(6,60) J1,J2,J3 
FOHMaT (5X,3I6) 

lF(JlotCJ,0) 60 TO 6" 

A(J1^J^) =A(J1, J2) ♦ .J3 

IF( JJl.Nt.O) 8(JJl,Jl)nH( jJi.jD^i.o 
-IF( JJ2.Nt.O) C(JJ2,J2)=C(JJ2i J2) ♦l.O 
B(JliJi)=d(jl,Ji) ♦J3-1 

C(J2f J2)=C(J2f J2) ♦JB^l 

JjlrJl - - - 

Jj2sJ2 
GO TO 7 

-BLANK=bLANK*J3 =- 

I=:I*3 
J=J*3 

K2K*3 - - 

T0TAL=T0TAL*J3 
lF(JtLT.45) 60 
IF{"J.6T.45r-G0 
CONTINUE 

WRlTE(6f70) TOTAL 
FOHMAT(14H0 TOTAL UNITS fF6,0) 
P8LNK=BLANK/T0TAL 
WRITE (6»10) N.P8LNK 
FORMAT(3lH0 PROPORTION 



TO 

Ta 



OF 3LANKS PASSAGE ,H,F8.3) 



N 



WHITE (6,50) 

FOHMAT(3bH0 FREQUENCY MATRIX MODE 1 PASSAGE ,13) 
DO 11 K=l,10 

WRITh(6»12) -(B(K,L) »t = r,lO) - 

FOHMAT(2H0 »10F6.0) 
CONTINUE 

00 13 1 = 1,10 - - - ■ 

DO 13 J=l,10 

H(I,J)=b(I,j>/(TOTAL -8LANK-1,0) 

WRITE{6,bl) N - - 

FOHMAT(36H0 PROPORTION MATRIX MODE 1 PASSAGE fI3) 
DO 14 K=l,lo 

WRITt(6»15) (B(K»L) fL=l,10) • ' 
f'OHMAT(2M0 ,10F6.3) 
WHITE (6)b2) N 

FOHMAT (4JH0 PROPORTION EACH CATEGORY MODE 1 PASSAGE ,n> 
00 16 1=1,10 « ^ L 

!5<I.l)=b(I,l) *a( 1,2) ♦B(I,3) ♦b(I,4)*B(I,5)*B(I,6) 
C<M(t,7) +H(I,H) *n(I»9) ♦8(1,10) 

I I ! > u -/ , / ) f ( I , Jt ) 

17 f-0HMAT(3X,F6.3) 

16 CONTINUE 
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13 

51 

14 
15 

52 
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P}=B(i»l) ♦B(2»l)*tM3» 1) ♦8(4,1) 

P2=P1*D(6,1) 

P3s:H(6,l)/P2 

P^=P1/P2 

P5 = »J(b,l) ♦B(6,l ) ♦8(7,1) ♦8(8, 1) ♦8(9,1) 
WRlTt(6,61) PI 

61 FOHMAT(27H0 PROPORTION OF EXPOSITION ,F6.3) 
WRlTL(0,b2) P2 

62 FORMAT (33H0 PROPORTION CONTENT DEVELOPMENT tFt,3) 
WRITE(6,63) P3 

63 »-"OKHAT(«+7H0 PROPORTION ACTIVITIES IN CONTENT DEVELOPMENT »F6.3 
WRlTL(6,b4) PA 

64 FORMAT(47H0 PROPORTION EXPOSITION IN CONTENT DEVELOPMENT ,F6.3 
WRlTE(b,65) P5 

65 FOHMAT(3yH0 PROPORTION REQUIRING OVERT RESPONSES ,F6,3) 
WRlTt(6,b3) N 

53 FORMAT (35H0 FREQUENCY MATRIX MODE 2 PASSAGE »I3) 

DO 19 K = i,7 ■ 

WRITE(6,20) (C(K»L) ,L=1,7) 

20 F0HMAT(2H0 ,7F6,0) 

19 CONTINUE - - ---- - 

00 21 1=1,7 
DO 21 Jsl,7 

21 C(I,J)=C(1,J)/{TOTAL-HLANK-1,0) ' - 

WRlTt(6,54) N 

54 FoHMAT(3faH0 PROPORTION MATRIX MODE 2 PASSAGE »I3) 
00 22 K=l,7 

22 WRITE(6,23) ( C { K »L ) » L= 1 , 7) 

23 F0HMAT(2H0 ,7F6,3) 
WRITE<6»bS) N ' 

55 FORMAT (43H0 PROPORTION EACH CATEGORY MODE 2 PASSAGE »I3) 
DO 24 1=1,7 

C(I»1)=C(I ,1) ♦C(I,2) ♦C(I,3) ♦C(I,4)*C(I,5)*C<I,6) ♦C(I,7) 
WRITE(6»25) C(I,1) 

25 FORMAT (3X,F6,3) 

-24 CONTINUE 

P6=C(3,1) ♦C(4,l) ♦C(5,l) • 

WRITt(6,26) P6 

26 FORMAT (31H0 PROPORTION MATH ILLUSTRATION ,F6.3) 

P7=P6^C(6,1) ♦C{7»U -■ -" - 

WRlTt(6,27) P7 

27 Format (29H0 proportion of illustration ,f6,3) 

WRlTh(6»b9) N 

59 FORMAT(43H0 INTERACTION MATRIX MODES 1 AND 2 PASSAGE ,13) 
DO 36 K=l,10 

WRITE(6,37) (A(K,L),L=1,7) - - " - -■ 
3} FOHMAT(2H0 ,7F6,0) 
36 CONTINUE 

(30 TO 44 

46 WRITE(6,47) J1,J2,J3 

^"•.^.>■^ f Cb.-'O t.K:voH J ,g fJ/.T/'73l5) 
•+3 tiTUP - 

END 
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First Message: 



Date Ar-'angement on Input Cards for a Given Passage. 

Columns 1 and 2: Dimension 1 classi- 
fication, right 
adjusted. 

Column 3: Dimension 2 classification. 
Columns 4 and 5: Weight of the message, 

right adjusted. 
Second Message: Repeat above for columns 6 through 10. 



Continue through the passage using 75 columns of each 
card. Columns 76 through 80 may be used for identifi- 
cation information. After the last message is punched, 
punch 88 in the following two columns. Each passage to 
be analyzed starts on a new card. 
Data Deck Order. 
First Passage Cards . 
Second Passage Cards. 



Last Passage Cards. 

Final Card of Data Deck: Punch 99 in columns 1 and 2. 
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APPl.X'DIX F 

(.OMPUTKR PROGRAMS R)R SCOTT RBLIABILITY COlil-I-IClLATS 



1. These programs compute the Scott reliability coeffici- 
ents for each dimension of the CMMT category system. 
The programs compute the coefficients for any number o 
pairs of subjects. 

2. Fortran Statements of the Dimension 1 Program. 

OIMFNSION HOB) f r2(3Rr,P(io) 

NN = 0 

M = 0 " ■ ' - - - 

PA T = 0.0 
A-0. n 

00 1 K=l,10 - 

1 P(K)=0.0 
m HPfAn (S*?.) (I1(K),K = 1,38) 
? K0RM/'T{38I?) " 
IF (n (i) .EO.-l ) 6n TO 6 

TF(T 1 (1) .EQ.9t^) GO TO 20_ _ __ 

Hfc:«n (B,*e) (I?(K) ,k=) ,38) ~ " " " 

00 3 K=l,3^ 

lF(n (K) .EO.O) no TO 33 
IK(T1 (K) ,EQ,I2(K) ) A=A*l,0 

M=Il (K) 

P(M)=P(M)*1,0 _ __ 

^'=I?(K^ " ■ 

P(M)=P(M) 4.1,0 
T=T*1 .0 

3 CONTINUE 
(^0 TO lO 

33 PO = /\/T ___ 

00 4 K=l,10 " 

4 P(K) = (P(K)/{?<»T) 

PP=P(l)*P(2)*P(3)*P(4)*P(5)-i-P(6)*P(7)*P(8)*P(9)*P(ln) 
p= (PO-PE) / ( ■ -PE) 

wKlTP''6»7) NN,M 
7 PO^^'/\T(^?0H0OIME^'b^o^i 1 PAIR (tlAt^H ♦»I4»2H )) 
i-rf-^lTF {b,P) PO 

■'^ f OIKiAT (^SliOPPOPORTION Of AGRFEMFNT iFn,6) 

^•■IMTF (6,9) P 
9 rO»MAT(P2H0RELIAHILITY ESTIMATE .FP.e) 
TO ?) 

6 of op 

END 
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3. I-ortran Statements of the Dimension 2 Program. 

OIMENSION-I 1 (38) ,12(38) ,P(7) 

NN = 0 

20 NN=NN*1 

N = 0 • - " " 

21 T=0«0 
A = 0.0 

DO 1 K=l»7 " 

1 P(K)=0.0 

10 WFA()(5,2) (II (K) ,K=1,38) 

2 FORMAT (3812) " " " 

IF (II { I) .EO.-l) GO TO 6 

IF (II (1) .E0.99) GO TO 20 

RFA0(5,2) (T2(K) »K=l»3Br 

00 3 K=1»3H 

IF (II (K) .EO.O) GO TO 33 

IF (II (K) .E0.I2(K) ) A = A*1.0 

M=U (K) 
P(M)=P(M) ♦l.O 

M = T2(K) - 

P (M) rP (M) 41 .0 
T = T*1 .0 

3 CONTINUE - - 

GO TO lO 

33 PO=A/T 

DO ^ K = l ,7 

4 P(K)=(P(K)/(2*»T) )«»2 
P[r=P(l)*P(2)*P(3)*P(4)*P(5)*P(6)*P{7) 

R= (PO-Pt)/ (l-PF:) - ■ 

N = N4l 

V-'RITE(6»7) NN»N 
■7 FORMAT (20H0nlMliNSl0N-2 -P^AlR"frI4r2H-»vr*T2H-)^r 

WRITE (6»8) PO 
R FORMAT (25H0PROPORTICN OF AGREEMENT »F8.6) 

WRITE (6»9) R 

9 FORMAT (22H0RELIA8ILITY ESTIMATE ♦F8,6) 

GO TO 21 

6 STOP - 

END 
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Data Arrangement for Input Cards for a Given Subject 

on Dimension n, n = 1,2. 

Columns 1 and 2: Subject ^s dimension n 

rating of first message, 

right adjusted. 

Columns 3 and 4: Subject's dimension n 

rating of second message, 

right adjusted. 
First Card: \ 



Repeat for as many columns as necessary 
up through column 76. 

ColuTins 77 through 80: Identification 

information. 
Second Card (If necessary) Continue above. 



Continue until all messages are punched. 



Note: Messages coded 0 are not punched on the data 

cards. Each pair of columns before the end of 
the passage must have a positive entry. 
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Data Deck Order. 



a. Cards for subject 
pair (m,n) : 



First card for subject m, 
First card for subject n, 



Last card for subject m. 
Last card for subject n. 

First subject pair cards. 
Second subject pair cards 



First 
Subgroup : 



b. Order 
of pairs 
in deck: 



Last subject pair cards. 
End of subgroup card: Punch 
99 in columns 1 and 2. 



Repeat for as many subgroups as desired, 



Last data card in deck: Punch -1 in 

columns 1 and 2 



3?5 



APPKNDIX G 

COMPUTIiR PROGRAMS FOR SCORING CRITliRION PASSAGIiS 



1. These programs compute between- and within-rater scores 
for subjects using the CMMT technique to code a given 
passage. The output consists of scores for each dimen- 
sion, overall scores, and the KR-20 reliability estimnte 
for each CMMT dimension. The programs will score up to 
60 subjects' ratings on a given passage. 

2. a. Fortran Program Statements for One Card Passages 

and Betwecn-Rater Scores. 

101 DTMENSIUN ICl (3fl) ,Icie(3R) ,Tl(lO) tTifCZ) 

102 niMfNSION ISK Jr) ,IsJ? (3h) tPKlO) »P2 (7J 

103 DIMENSION FU ( 60 ) , p2 ( bO ) »PV 1 (38 ) tPVE ( 38 ) 

201 Nn=0 

202 DO 1 K=l,io " " ' " 

1 T1(K)=0.0 
Do 2 K = l,7 

2 T?(K)=0.0 " 

on 42 K=l,60 

PI (K) =0,0 

42 RP(K)=0.0 ■ '■■ ■ 

104 no 34 K=l,38 
Pvl (K) =0.0 

34 Pv?(K)=0.0 • 

105 PrA0(b,3) (ICl (k) »Kcl »30) 

106 R(rAU(bt3) (IC21K) fK = l»3H) 
'J FORMAT (3812) 

107 on 4 K=l»3n 
JrdCKK) .fO.O) IT=K-1 

If ( ICl (K) .EQ.O) GO 70 l9 

M 1 = 1 C 1( K ) 
M-^ = IC2(K) 
n ("1 ) =T1 (Ml ) *I.O 
4 T:> (f^d) =T2(M?) ♦l.O 
1S> XrT^?<i )4.T2(2)*I2(1) ♦12(4) *T2(5)*T2(6)*T?(7) 
17 PpAI)(b,3) (Ibl (k) »K = lt3n) 
?03 IF (Ibl (1 ) ,F(0.-1)GO tO IB 
lOH PrAU(b,.j) (IS2<K) tK = l»3fl) 
On 5 K=1,)0 

Do 6 K=i,7 
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6 P?(K)=0.0 
\09 no 7 K=l,38 

If ( ISl (K) .FO.O) 
MrlCl (K) 
Nr ISJ (K) 
I F ( M , t Q . M ) 
If (K.QO.N) 
M=lCi: (K) 
N=lSi^{K) 
I r { M , t 0 . N ) 
IF (M.LO.N) 



Go TO 2o 



PI (H) =pl (M) ♦! .0 
PVl (K)=PV1 (K) ♦l.O 



7 

?.0 



PV2(K)rPv2(K) ♦1.0 
, . P< ( ^) =p2 (M) ♦ 1 ,0 

S1=P1 (I)*P1 (2) +Pl (3) *P1 (4)*P1 (5) ♦PI (6) ^Pl (7) ♦PI (8) ♦PI (9) ♦PI (10 
S? = Pc'(l)*P?(2)+P2(3)^P2(4)*p^(5)*P2(6)^P2{7) - 

WoITE (6,8) NN 
a FORMAT (JoHoHETWfTEN RATER SCORES SUBJECT fl6) 

WolTt(6»9) X.SUS2 
9 FORMAT {42H0NUMHPR OF ITEI^S ANq NUMBER RIGHT EACH DIM.3F8 2) 

R?(NN) =S2 
Op 10 K=l , 10 

IF{T1 (K) .NE.0.0) P1(K)=P1 (K)/T1 (K) 
10 IF (Tl (K> .EO.O.O) pl (K) s-1 
WDlTt(6.1I) (PI (K) tKsl tlO) 



11 



12 



13 
14 



15 



16 



18 
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FnRNAT(26H0SCORF FAC^ CaTEGOHY DIM 1,10F6.3> 
S1=S1/X 

WoITE(6»12) si 

FnRMAT(13H0 SCUrE OIM 1,FH.3) 

no 13 K = l,7 " 

IF(T2(K).KE. 0.6) P2{K) =P2{K)/T2 (K) 
IF{T2{K),E0. O.Q) P2(K)=-1 
WoITt (6tl4) (P2(k) ,K=1.7) 

Format (26H0SCOHF EACH CATEGORY OIM 2,7F6,3) 
5?=S2/X 

WPlTfc (6.15) S2 

Format (13H0 SCOpE OiM 2,F8.3) 
Si={bl^S2) /?.0 



WWlTt(6fl6) SI " 
FORMAT (IbHO OVEpALl. 
GO TO 17 

SPO 1=0,0 

SoO2=0.U 

Do 3c: K = 1,IT 

PV/1 (K) =PV1 {K)/Nh 

Pu? (K) sPv2 (K) /N^J 

00 JJ K=1,IT 



SC0rE,F8.3) 



ERIC 
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Sp01=SP()1*PV1 (K) » ( UPVl (K) ) " ' " 

3J S'50? = bP(J2*Pv^(^)»(l-Pvif(K) ) 
X"I l=U.O 

Dn 30 K=1»NN 
XMll=XMil*Rl (K) 

30 X»^I2 = XMI2*R? (K) 
XmI 1=XMI 1/NN 
XMI2=XMI2/NN 

Vy 1=0.0 
Vy?=0,0 
On 36 K=1,NN 

Pi (K) =R1 (K)-XMIY ■ • 

36 r>? (K) =R2 (K) -XMI;^ 
Or 3! K=1,NN 
yYl=VY]-t.Rl (K)o*»? 

31 Vy? = VY2*R2 (K) 
Vy1=VY1/NN 

Vy2 = VY2/nN " ■ " - 

7 = IT 

RKKl=(Z/{Z-l) ) <*(!-( sPUl/VYl) > 
RkK2=(Z/(Z-1))*»(1-(sPQ2/VY2) ) 
Wol Tt (bO'J) (HI (k) ,K=1 tbO) 
35 FORMAT (23H0nKvUTTON SCOPES UlU 1 » 6 ( /5X, 1 0F6 , 2) ) 
WDITE (6,40) (W2 (K) ,K=lt60) 

40 Format (f'BHOntVlATlOM scopes UiM 2»6(/5X,10F6.2> > 
WDiTt (6,37) VYl 

37 Format (I6hOVARlANcE DIM l ,F8.3) 
WQiTt (6,38) VY2 

38 FORMAT (16H0VARUNCE DIM 2 ,F8,3) 

'^nlTb (6,39) RKkI 

39 FORMAT (12HOKK20 DIM 1 ,F6.4) 
luvITE, (6,41) KK^? 

41 FORMAT ( 12HOKR20 DIM 2 »F6,4) 

Stop 

EWD 
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b. Modifications for Two Caid Passages. 

Replace 38 with 76 in program statements numbered 
101 through 109 and 17. 

c. Modifications for Within-Rater Scores. 

Remove statements numbered 17, 203 and 108 from the 
positions given above and place them between state- 
ments numbered 34 and 105 so that the order of state- 
ments is 34, 17, 203, 108, 105. 

Remove statements numbered 202, 1, 204, and 2, and 
place them between statements numbered 3 and 107 so 
that the order is 3, 202, 1, 204, 2, 107. 
Data Arrangement for Input Cards for a Given Subject 
Cor Criterion Scores) on Dimension n, n = 1,2. 

Columns 1 and 2: Subject's dimension n 

rating of first message, 
right adjusted. 
Columns 3 and 4: Subject's dimension n 

rating on second message, 
right adjusted. 

First Card 



Repeat for as many columns as necessary 
up through column 76. 
Column 77 through 80: Identification 

information. 
Second Card (If necessary): Continue above. 

Note: Messages rated 0 are not entered on the data cards 
Each pair of columns before the end of the passage 
must have a positive entry. 
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4 . Data Deck Order, 



a. Between- Rater 
Scores : 



b. Within-Rater 
Scores : 



Dimension 1 criterion card(s) 
Dimension 2 criterion card(s) 
Subject 1 dimension 1 car(l(s) 
Subject 1 dimension 2 card(sl 



Subject n dimension 1 card(s), n<60. 
Subject n dimension 2 card(s), n<.60. 
Final card in deck: Punch -1 in 

columns 1 and 2 

Subject 1 dimension 1 card(s), 

f irs t rating . 
Subject 1 dimension 2 card(s}, 

first rating. 
Subject 1 dimension 1 card(s), 

second rat ing . 
Subject 1 dimension 2 card(s), 
second rating. 



Repeat for each subject up to n, n<.60 
Final card in deck: Punch -1 in 

columns 1 and 2. 



I 

ERIC 
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APPENDIX H 

COMPUTi:R PROGRAMS FOR DETERMINING CRITERION RATINGS 



1. Those programs compute the most frequent ratings of 
messages on both CMMT dimensions for any number of 
raters on any number of passages. 

2. a. Fortran Program Statements for One Card Passages. 

nTMt--NSrON lA (3H) ,IR( jH) ,IC{]0,3iiJ)\lO(7,-»8) 
?.! Of I J=1,3S 

? K{K,J) = 0 

1 L = ],7 
1 T ' (I. » J) = 0 

1 ('.'-{'iTlNUL 

6 PPAI) (S.A) (IA(K), K = l,38) 

I" {I'Wl) .rin.-l) GO TO 7 - - 

I' ( I'Ml ) .F0,-2) GO TO ?.l 
P-AIJ (b,^) ( T ^ (K) ,K = i ,3:-') 

0' n J=J ,3B ■ - 

T"^ ( lA (J) .F'O, 3) GO in 6 
K = I a ( J) 

I = IH(J) -- .- — . 

K (K, J) = TC (K,j) ♦ '1 
5 I"(I.»J) = Tn(L.J) + 1 

r,r J\j h ■" - 

7 nr H K = 1,^^ 

■I [Te. (^»9) ( IC( J,K) , J=l, 10) 

rv 1 .1 •<=) ,3!) 
1 ! f ■ '/--(AT ( 1 , n ■..■)) 

10 r..i5.ii) (rj( j,K) ♦j=i,7) 

("•■- ro >?c 
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b. Fortran Program Statements of" Two Card Passages'. 

DTVFiNS I M5t ) , IB (3?) , IC ( 10,52) » ID (7»«:2) 
?0 P' 1 J= J ♦?? 
nr. ? K = l,10 
? K (K»J) r n 

or ^1=1,7 
3 T' (I tJ) = 0 

b PFAi; ('3»4) (lA (K). , K=l»52) 
prpr/.T (?CT?/1 Ir') 
!► ( ( I ) .EO.-l) r.u TO 7 
If ( f/' (I ) .F0.-2) GO TO ?1 
RPAl)('j»'0 (T '(K) ,K = 1»S2?) 
nr 5 J=l ,5? 

IM lA ( J) .EO.O) GO Tf) 6 

K = I>-(J) 
I = IHfj) 

I'"((«»J) r IC(K»J) ♦ 1 
5 Tr {L»J) = rod. ♦J) ♦ 1 

r,r TO 6 
7 0-" H h = 

« Wt.jTt (^;,C;) (1C(J,K) , J = l»10) 
V fCP'^f'l (IH ,10Ib) 

no ]{! K=i,s? 

11 f^p"^■,■f {]h WI't) _ _ 

10 wc-.ITf- {'^flD (ID ( J,K) »J = l t?) 

Gr TO 2(1 
21 STOP 

P^ 0 



3. Data Arrangement for Input Cards for a Given Subject 
on Dimension n, n = 1, 2. 

Same as item 3 of Appendix G. 

4. Data Deck Order. 

Subject 1 dimension 1 card(s). 
Subject 1 dimension 2 card(s). 
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Subject n dimension 1 card(s). 
Subject n dimension 2 card(s). 

End card(s) for first passage: Punch -1 in columns 

1 and 2. Use two of 
these for two card 
passages • 



Repeat for as many passages as desired. 

Last card(s) in deck: Punch -2 in columns 1 and 1. 

Use two of these for two card 

passages . 



